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PREFACE. 


Tur two Memoirs by M. Chasles, “On the Properties 
of Cones of the second Degree,” and “ On the Spherical 
Conics,” of which a translation is now presented to Eng- 
lish geometers, were printed in the sixth volume of the 
Transactions of the Royal Academy of Brussels. Whe- 
ther they are considered merely as exercises of pure 
geometry, exhibiting its elegance and power in a re- 
markable degree, or as a rich and early contribution to 
the theory of spherical curves, they possess strong claims 
on the attention of mathematicians. |» 

But, published as they were, they remained unseen 
by the greater number of our geometers, so that it 
appeared highly desirable to make them more generally 
known by means of a reprint or translation ; more es- 
pecially as there is no detached work in the English 
language treating of the same subject. Most readers 
would doubtless prefer to see M. Chasles’ Memoirs 
reprinted in their original language; but the small 
additional trouble which the translation of them has 
cost, will not have been vainly incurred, if a few readers 
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benefit by it who are not perfectly familiar with the 
French idiom. 

The matter contained in the Notes and Additions by 
the Translator is for the most part original. Some theo- 
rems relating to the anharmonic function of four points 
and to the involution of six points, have been borrowed. 
from the notes to M. Chasles’ admirable Histoire de la 
Geometrie. 

In the Appendix will be found the outline of a 
system of analytic geometry, intended to accomplish for 
the surface of the sphere what the method of rectilinear 
coordinates has already effected for the plane. The 
Author has barely traced this outline: any reader tole- 
rably conversant with the common processes of algebraic 
geometry will be able to fill it up; and none will com- 
plain of the incompleteness of a sketch which comprises 
in five and twenty pages the leading principles of the 
algebraic geometry of the sphere, and their application 
to the spherical conics. ‘Those who are anxious to 
pursue this subject farther, will find formule for the 
transformation of spherical coordinates, and a discussion 
of the general equation of the second degree, in a paper 
which the Author had the honour of laying before the 
Royal Irish Academy on the 28th of June, 1841. 

The twelfth volume of the Transactions of the Royal 
Society of Edinburgh contains two elaborate papers on 
the use of spherical coordinates, by Mr. S. T. Davies. 
The method which he employs leads him necessarily to 
unsymmetrical results, just such as we should meet with, 
if, in the analytic geometry of the plane, we restricted 
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ourselves to the use of polar coordinates ; and, in fact, 
Mr. Davies’ method ought to be called that of spherical 
polar coordinates. But it may often be used with ad- 
vantage ; a few of the formule most necessary in its 
application are therefore given in the thirteenth section 
of the Appendix. 

After the Author had constructed the theory of 
spherical coordinates, which he now lays before the 
reader, his attention was directed, by a note attached to 
one of Mr. Davies’ papers, to articles published by Pro- 
fessor Gudermann, of Cleves, in Crelle’s Journal of 
Pure and Applied Mathematics. From them he learned, 
to his regret, he must own, that he had been antici- 
pated in the choice of his coordinates by Professor 
Gudermann, who has employed them successfully in 
investigating general properties of the spherical conics. 
However, as the Author has not yet been able to pro- 
cure the work on Analytic Spherics, written by the Pro- 
fessor, and referred to in the papers inserted in Crelle’s 
Journal, he is ignorant as to whether he has been also 
anticipated in the use of the differential calculus in dis- 
cussing curves represented by an equation between 
spherical coordinates, and in the invention of general 
formule for the transformation of such coordinates. 
These steps being made, the theory is complete, and 
nothing remains but to apply it. 

The Author had intended to add a second Appendix, 
containing those theorems relative to the plane conic 
sections, which may be deduced from the properties of 
the spherical conics stated in his Notes and Additions, 


v1 PREFACE. 


but he leaves this to the reader, who will find no diffi- 
culty in doing it. . 
The Members of the Board of Trinity College, 
Dublin, have contributed, with their wonted liberality 
towards the expense of publishing this work. It is in- 
tended for the use of undergraduate students in the 
University of Dublin; and, it is hoped, may be useful 
in directing their prevailing taste for pure geometry to 
interesting and worthy objects. 


ERRATA. 


Page 51, line 17, second col. for foci, read focus. 
— 56, 22, second col. for given, read assumed. 
—— 98, last line but one, for p, read i». 

—— 111, line 10, for tan», read 4 tan Sy, 
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THE GENERAL PROPERTIES 


OF 


CONES OF THE SECOND DEGREE. 


ON 
THE GENERAL PROPERTIES 


OF 


CONES OF THE SECOND DEGREE. 


In a preceding Memoir on the general properties of the sur- 
faces of revolution of the second degree, inserted by order of 
the Royal Academy in the collection of its memoirs, we de- 
monstrated various properties of the cones of the second degree, 
which presented themselves as immediate consequences of the 
principles which we had founded upon the polar transforma- 
tions of these cones and of the conic sections. 

We now propose to discuss, by a direct method, some of the 
general properties of the cones of the second degree. We 
might have continued to employ the theory of polar transfor- 
mations ; but there is a more simple mode of proceeding, alto- 
gether independent of this theory. This mode is purely geo- 
metrical, requiring only a knowledge of the most elementary 
properties of the circle. 

The only properties of the cones of the second degree which 
we shall assume as known are the two following : 

‘¢ In every cone of the second degree there are three rectan- 
gular conjugate axes. ‘There are also two series of circular 
sections, situated in planes parallel to two fixed planes.” 

This second proposition, which we receive without demon- 
stration, as it is to be found in the elementary treatises on 
surfaces of the second degree, is the basis of our entire work ;* 
and the numerous theorems to which we shall be led will all 
be deductions from this principle ; and easy deductions, inas- 
much as they will appear to result from elementary properties 
of the circle; so that we might say that our various theorems 


* This general property of the cones of the second degree is due, I 
believe, to Descartes, who demonstrated it by the new principles of his 
geometry. His proof is to be found in the 6th vol. of his Lettres (12mo. 
ed. 1724, 1725.) 
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are, as it were, inscribed upon the planes of the circular sections 
of the cones of the second degree. 

These theorems might also be demonstrated by algebraic 
analysis ; but this method, which in general offers so great 
advantages, loses them all in this case, since it often requires 
very tedious calculations, and exhibits no connexion between 
the different propositions ; so that it is only useful in verifying 
those which are already known, or whose truth has been 
otherwise suggested as probable. 


SECTION I. 


PRELIMINARY CONSIDERATIONS. 


1. A cone of the second degree is one which has a conic 
section for its base. 

Let there be two tangent planes; their traces on the 
plane of the conic section will be two tangents to this curve ; 
the plane containing the two sides of the cone along which 
it is touched by the tangent planes, will meet the plane 
of this conie section in the chord which joins the points of 
contact of the two tangents; this chord is the polar, with 
relation to the conic section, of the point of concourse of 
the two tangents: hence we say that the plane of the two 
sides, along which the two tangent planes touch the cone, is 
the polar plane, with relation to the cone, of the right line of 
intersection of these two tangent planes; and this right line 
is called the polar of the plane of these two sides of contact. 

It is well known that, in the conic section which is the base 
of the cone, all the right lines drawn through the same point 
have their poles upon the polar of this point; it follows, there- 
fore, that 

Ina cone of the second degree, all the planes passing through 


the same axis* have their polars situated in the polar plane of 
this axis. 


Hence, if, in the polar plane of any axis, we draw arbitrarily ~ 


a second axis, the polar plane of this latter will pass through 
the first axis ; and so these two axes are called conjugate: their 
polar planes are also said to be mutually conjugate ; so that 
two diametral planes of a cone of the second degree are 
conjugate, when the polar of one of them is in the other plane. 

2. Since every transversal plane, which cuts the cone ina 
conic section, cuts the polar plane of any axis in a right line 


* We apply the name “axis” to every right line passing through the 
vertex of the cone. 


aaa 
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which is the polar, with relation to the conic section, of the 
point where this plane meets this axis, it follows that if this 
transversal plane be parallel to the polar plane of the axis, it 
will cut the cone in a conic section whose centre will be the 
point where it cuts this axis, since the polar of this point will 
be at an infinite distance. 

Hence, the polar plane of any axis of a cone is such that 
every plane which is parallel to it cuts the cone in a conic 
section whose centre is upon this axis ; and conversely, the 
polar axis of a plane is the geometrical locus of the centres of 
the sections made in the cone by planes parallel to this plane. 

3. Through the vertex of a cone of the second degree, we 
might draw, in an infinite number of different ways, three 
right lines such that each of them should be the polar of the 
plane of the two others. For, after having taken the polar 
plane of one right line, let us take the polar plane of a second 


right line drawn in this first polar plane; these two planes 


will intersect in a third right line, which will be the polar of 
the plane of the two first; so that these three right lines will 
be so related to each other that each of them will be the polar 
of the plane of the two others; and consequently, each of 
them is the locus of the centres of the sections made in the 
cone by planes parallel to the plane of the two others: these 
three right lines form a system of conjugate axes. 

Hence, in every cone of the second degree there ts an infinite 
number of systems of three conjugate axes. 

4. It is clear that three conjugate axes meet a transversal 
plane, in three points of which each is the pole of the right 
line which joins the two others, with, relation to the conic 
section in which this plane cuts the cone; if, therefore, this 
plane be parallel to the plane of two of the three conjugate 
axes, it will cut the two other faces of the trihedral angle 
formed by these three axes, along two conjugate diameters of 
the conic section in which this plane cuts the cone. 

These properties of three conjugate axes of a cone of the 
second degree shew that it is very useful in analytic geometry 
to take three conjugate axes for the three axes of coordinates, 
©, Y, 2, because then the equation of the cone contains only 
the squares of the three coordinates. For every plane paral- 
lel to the plane of two of these axes will cut the cone ina 
conic section which will have its centre upon the third axis, 
and two conjugate diameters respectively parallel to the two 
first axes; consequently, the equation of the projection of 


- this conic section upon the plane of the two first axes will be 


referred to two conjugate diameters, and will, therefore, con- 


we 
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tain only the squares of the two coordinates; which proves 
that the equation of the cone itself contains only the squares 
of the three coordinates. 

5. It is known that, amongst all the systems of conjugate 
axes belonging to a cone of the second degree, there is one in 
which the three axes are rectangular. Hence, every plane 
perpendicular to one of these axes cuts the cone in a conic 
section which has its centre upon this axis, and its principal 
diameters parallel to the two other axes. 

One of these axes lies in the interior of the cone, and every 
plane which is perpendicular to it cuts the cone in an ellipse ; 
the two other axes are outside the cone, and every plane per- 
pendicular to either of them cuts the cone in a hyperbola 
whose asymptotes are parallel to the two sides of the cone, 
which are parallel to the cutting plane. 

Of the three rectangular conjugate axes, the one which lies 
in the interior of the cone will henceforward be designated as 
the principal axis of the cone; that which is parallel to the 
major axis of the ellipse, in which the cone is cut by a plane 
perpendicular to the principal axis, will be called the major 
axis of the cone; and the one which is parallel to the minor 
axis of this ellipse, will be denominated the minor axis of 
the cone. 

The plane which contains the principal axis and the major 
axis will be the plane of the greatest section of the cone; the 
plane which contains the principal axis and the minor axis 
will be the plane of the least section of the cone ; and finally, 
the plane which contains the major and the minor axes will 
be the principal plane of the cone. 

It is manifest, that the principal plane does not cut the cone 
along any side; that, among all planes which can be drawn 
through the principal axis, the plane of the greatest section is 
that which cuts the cone along the two sides which contain 
between them the greatest angle; and that the plane of the 
least section is that which cuts it along the two sides which 
contain between them the least angle. 

The tangent planes to the cone passing through the axis 
major, touch it along the two sides contained in the plane of 
the least section; the tangent planes passing through the 
minor axis touch it along the two sides contained in the plane 
of the greatest section ; and finally, through the principal axis 
no tangent plane can be drawn to the cone. 

It is further to be remarked, that every plane passing 
through the principal axis cuts the cone along two sides, 
which make equal angles with this axis ; and that if a plane, 
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passing through the major or minor axis, cuts the cone, the 
two sides of intersection will also make equal angles with this 
axis. 

If the section of the cone, made by a plane perpendicular to 
its principal axis, be a circle, instead of being an ellipse, all 
the sides of the cone will make the same angle with this prin- 
cipal axis, and the cone will be one of revolution. 

6. Let there bea cone of the second degree ; through its ver- 
tex let us draw right lines perpendicular to its tangent planes, 
they will form a second cone, which will be of the second 
degree ; since every plane passing through its vertex can only 
cut it along two sides ; forif a plane were to cut it along three 
sides, these sides would be perpendicular to three planes 
touching the proposed cone, which planes would pass through 
the same right line perpendicular to the plane of the three 
sides ; which is impossible, since through a right line only two 
tangent planes can be drawn to a cone of the second degree. 
Consequently, the second cone is of the second degree. 

Two adjacent sides of this cone, that is, two sides infinitely 
near, are perpendicular to two adjacent planes touching the 
proposed cone; the plane of these two sides is perpendicular 
to the right line of intersection of the two adjacent tangent 
planes; that is to say, the tangent planes to the second cone 
are perpendicular to the sides of the first ; we have, therefore, 
the following theorem : 

The right lines drawn through a fixed point perpendicular 
to the tangent planes to a cone of the second degree, form a 
second cone of the second degree ; 7 

And the tangent planes to this second cone are perpendicu- 
lar to the sides of the first. _ > 

7. Hence, to each side a in the first of the two cones cor- 
responds a plane Pp touching the second cone, which plane is 
perpendicular to this side a. 

This plane p touches the second cone exactly along the 
side which corresponds to the plane touching the first cone 
along the side a. For the side of contact of the plane p and 
of the second cone is perpendicular to a plane touching the 
first cone; this plane will necessarily pass through the per- 
pendicular to the plane p, which is the side a of the first cone; 
it will therefore touch this cone along this side a. ‘There- 
fore, 

To a side of the first cone and to the tangent plane passing 
through this side, correspond a tangent plane to the second 
cone and the side of contact with this tangent plane. 

8. To two planes touching the first cone correspond two sides 
of the second cone; the plane of these two sides is perpen- 
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dicular to the right line of intersection of the two tangent 
planes, and the planes touching the second cone along these 
sides are perpendicular to the sides of contact of the two 
planes touching the first cone ; their right line of intersection 
is perpendicular to the plane of these two sides of contact ; 
therefore, 

To a right line and to its polar plane, with relation to the 
first cone, correspond a plane and its polar, with relation to 
the second cone. 

9. Hence it follows, that to two conjugate axes of the first 
cone correspond two conjugate planes of the second cone. 

For the polars of these two planes, with relation to the 
second cone, will correspond to the two polar planes of the 
two axes of the first cone; these two planes mutually pass 
through these two axes, since these axes are conjugate ; there- 
fore, the two right lines which correspond to these planes are 
mutually in the diametral planes of the second cone, which 
proves that these two planes are conjugate (1). 

10. To two right lines drawn arbitrarily through the vertex 
of the first cone, will correspond in the second cone two 
planes, containing between them an angle equal to the sup- 
plement of that of the two right lines; the intersection of 
these two planes will be perpendicular to the plane of the 
two right lines. 

These relations between the two cones are the same as those 
which exist between two supplementary trihedral angles, or 
between two supplementary spherical triangles; on this ac- 
count we shall call the two cones supplementary one to the 
other. ; 

From what has been said, it is plain that the properties rela- 
tive to the angles contained by certain planes and right lines 
passing through the vertex of the first cone will give rise to 
properties of corresponding right lines and planes in the second 
cone ; so that the properties of cones of the second degree are 
double, as well as those of spherical triangles. 

11. Let us suppose that the two supplementary cones have 
the same vertex. 

To three conjugate diameters of the first cone will evidently 
correspond three conjugate diametral planes of the second 
cone (9). Therefore, to the three rectangular conjugate dia- 
meters of the first cone will correspond the three rectangular 
conjugate diametral planes of the second. ‘To the principal 
axis of the first cone will correspond the principal plane of the 
second; so that the two cones will have the same principal 
axis and the same principal plane. But the plane of the 
greatest section of the first will be the plane of the least sec- 
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tion of the second, since the angle between the two sides of 
the second cone contained in this plane will be the supplement 
of the angle between the two sides of the first cone contained 
in this plane: in like manner, the plane of the least section 
of the first cone will be the plane of the greatest section of 
the second. It follows, that the major axis of the first cone 
will be the minor axis of the second, and the minor axis of 
the first cone will be the major axis of the second. 

12. It is known that every cone of the second degree may 
be cut in cireular sections by two series of planes parallel to 
two fixed planes ; and that these two fixed planes being drawn 
through the vertex of the cone, pass through its major axis, 
and are therefore perpendicular to the plane of the least sec- 
tion. 

As these two fixed planes possess a great number of proper- 
ties which we are about to state, we are under the necessity 
of designating them by a particular name, and we shall call 
them cyclic planes. 

Thus, the cyclic planes of a cone of the second degree are 
two fixed planes passing through its vertex, and parallel to 
the planes of the circular sections of the cone. 

13. Two conjugate axes of the cone contained in a cyclic 
plane, are always at right angles, since they are parallel to 
two conjugate diameters of the section of the cone made by a 
plane parallel to the cyclic plane, this section being a circle ; 
hence, 

The cyclic planes of a cone possess this characteristic pro- 
perty, that \ 

Two conjugate axes of the cone contained in-a cyclic plane 
are always at right angles. 

14. To the cyclic planes of a cone correspond, in the sup- 
plementary cone, two right lines perpendicular to these cyclic 
planes. ‘Iwo conjugate axes of the first cone, contained in a 
cyclic plane, being at right angles (13), we infer that two 
conjugate planes of the supplementary cone, passing through 
one of the two right lines just mentioned, are at right an- 
gles. 

A plane perpendicular to one of these right lines will cut 
the cone in a conic section, and the two conjugate planes in 
two right lines perpendicular to each other, and such that the 
pole of one of them, with relation to the conic section, will be 
upon the other right line (1). Thus, the point where the 
cutting plane meets the right line in question is such that 
every secant passing through this point has its pole, with 
relation to the conic section, upon the perpendicular to this 
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secant passing through the point. This proves that the 
point zs a focus of the conic section.” 

~ Hence, every plane perpendicular to one of the two right 
lines just mentioned cuts the cone in a conic section, one of 
whose foci is upon this right line. 

These two right lines, being perpendicular to the two. cyclic 
planes of the first cone, are in the plane of its least section 
(12), and are consequently in the plane of the greatest section 
of the supplementary cone (11). We have, therefore, this 
general property of cones : 

In every cone of the second degree there are two right lines 
lying in the plane of tts greatest section, which possess the 
property that every plane perpendicular to one of them cuts 
the cone in a conic section, one of whose foct is upon this 
right line. 

In the first memoir above referred to, we proved the exist- 
ence of these two right lines by means of the theory of polar 
transformations, and we called them focal lines in consequence 
of the characteristic property which we have just stated; but 
we did not there observe that two conjugate planes passing 
through one of these two right lines are always at right 
angles. 

15. From what precedes it results, that 

In two cones of the second degree, supplementary one to the 
other, the focal lines of one correspond to the cyclic planes of 
the other. 

This theorem is very important, since it follows from it that 
the properties of the focal lines are consequences from those 
of the cyclic planes, and vice versd. 


* In what follows, we shall not take for granted any of the properties 
of the foci of the conic sections ; these properties might even be deduced 
from those which we are about to demonstrate with reference to the cones 
of the second degree. However, it is necessary to define the foci of a 
conic section by some one of their properties. That which we have em- 
ployed here to characterize these points is not, it is true, the most gene- 
rally known ; but it is known, and we are indebted for it to De Lahire; 
M. Poncelet has proved it, and has applied it with advantage in his 
“‘ Traite des Proprietés Projectives” (p. 260, Nos. 451 and 453.) We 
shall take another opportunity of showing that this property adapts itself 
to the study of the conic sections with more readiness than many others 
equally characteristic. Moreover, it must be remarked, that we here define 
the foci of a conic section by the property in question merely to justify 
the designation of focal lines, which we adopt for the two axes of a cone 
of the second degree perpendicular to the cyclic planes of the supplemen- 
tary cone. But all the properties of these two axes which we are about 
to prove are quite independent of the foci of the conic sections ; and any 
one of these properties might as well be fixed upon to justify the designa-~ 
tion of focal lines. 
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Thus, it will be sufficient for us to prove the one, and merely 
to state the others, without actually giving a particular demon- 
stration of these latter. 

16. First, let us lay down some properties of the circular 
sections of a cone, which we shall have to make constant 
use of. 

When we consider two circular sections of a cone whose 
planes are not parallel, we call them antiparallel or subcon- 
trary sections. | 

Through each point on the surface of a cone of the second 
degree, two subcontrary sections can be made to pass ; for it 
is sufficient to draw through this point two planes parallel to 
the two cyclic planes of the cone. 

17. Every sphere passing through a circular section of a 
cone cuts this cone ina second subcontrary circular section. 

For, any side of the cone penetrates the sphere in two points, 
the rectangle under the distances of which from the vertex of 
the cone is constant: one of these points is on the plane of the 
circle through which the sphere has been made to pass; con- 
sequently, the other point is upon a sphere passing through 
the vertex of the cone, and having its centre upon the perpen- 
dicular let fall from the vertex upon the plane of this circle; 
(see the note at the end of this memoir ;) the intersection of 
the first sphere and the cone is upon this second sphere, which 
proves that this intersection is a circle. ‘The plane of this 
second circle cannot be parallel to the plane of the first; for 
in that case the cone would evidently be one of revolution. 
This second circle is therefore a subcontrary section with 
relation to the first: the theorem is therefore demonstrated. 

It follows from hence, that 

A sphere can be made to pass through any two subcontrary 
sections of a cone of the second degree. 

18. Let us suppose that the plane of one of the two circles 
approaches indefinitely towards the vertex of the cone; as this 
plane is always parallel to a cyclic plane, when this circle de- 
generates into a point which is the vertex of the cone, the 
sphere will touch this cyclic plane; therefore, 

Every sphere passing through a circular section and through - 
the vertex of a cone of the second degree, touches a cyclic 
plane ; 

And conversely, 

Livery sphere passing through the vertex of a cone of the 
second degree, and touching a cyclic plane, cuts the cone in a 
circle, whose plane is parallel to the second cyclic plane of 
the cone. 

Cc 
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SECTION II. 


PROPERTIES OF THE TWO CYCLIC PLANES OF A CONE CONSI- 
DERED SIMULTANEOUSLY; AND PROPERTIES OF THE TWO 
FOCAL LINES OF A CONE CONSIDERED SIMULTANEOUSLY. 


19. The properties of the cyclic planes of a cone are of two 
kinds ; some have reference to these two planes considered 
simultaneously, others to only one of these planes. It is as 
easy to state the one as the other; but as the former appear 
in some degree to be more characteristic, we shall commence 
with them. 

The two focal lines of a cone, as appears from theorem 
(15), will be found to possess properties corresponding to those 
of the two cyclic planes. 

20. Let there be a cone of the second degree ; let it be cut 
by two planes parallel to its two cyclic planes; the sections 
will be two circles lying on the same sphere (17). Each side 
of the cone meets these circles, and the tangent plane to the 
cone along this side cuts their planes in two right lines which 
are the tangents to these circles, passing through the points 
where the side meets them: these two right lines are there- 
fore tangents to the sphere which passes through the two cir- 
cles. Now two tangents to a sphere lying in the same plane 
make equal angles with the chord which joins the two points 
of contact; here this chord is the side of the cone; the two 
tangents are respectively parallel to the two right lines in 
which the tangent plane intersects the two cyclic planes. We 
have, therefore, the following property of the cyclic planes, 


and, consequently, the property of the focal lines stated in the 
second column : 


Every tangent plane to a cone of The planes passing through the 
the second degree intersects the two two focal lines of a cone of the se- 
cyclicplanes in tworightlines, which cond degree and through any side 
make equal angles with the side of whatever, make equal angles with 
the cone along which it is touched the plane touching the cone along 
_ by the tangent plane. that side(a). 


(a) This theorem and the second in No. 24, have been already given by 
M. Magnus, of Berlin (Annales de Mathematiques, August, 1825.) As to 
all the other properties of the cones of the second degree contained in this 
memoir, we believe they are quite new, with the exception of some which 
we have already stated in our Memoir on the surfaces of revolution of the 
second degree, inserted in the 5th vol. of the New Memoirs of the Royal 
Academy of Brussels. 
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21. Conversely, 


If a cone be such that its tangent If a cone be such that the planes 
plane, passing through any side, in- passing through two fixed axes and 
tersects two fixed planes in two through any side whatever, make 
right lines, making equal angles equal angles with the plane touch- 
with that side, this cone is of the ing the cone along that side, this 
second degree. cone is of the second degree. 


In order to demonstrate the first theorem, let us draw two 
planes P, P’, parallel to the two fixed planes. Letm, m’,m”,m’”, 
be the points where four consecutive sides infinitely near to 
one another meet the first plane Pp, and let m, m’, m’’, m’”, 
be the points where these same sides meet the second plane Pp’. 

Let us imagine the circle which passes through the three 
pointsM, m’, mM”, tobe the base of a second cone, having the same 
vertex s, as the proposed cone; the section of this cone made 
by the second plane pr’ will pass through the points m, m’, m’’, 
and this curve will bea circle; for (by hypothesis) the two 
right lines mm’, mm’, making equal angles with the side smm, 
the plane of the circular section of the second cone passing 
through the point m will pass through the right line mm’, as 
appears from the preceding theorem; the two tangents m’m", 
m’m”’ also making equal angles with the side sm’m’, the plane 
of this circular section will likewise pass through the tangent 
m'm’’; this plane will, therefore, be exactly the plane of the 
three points m, m/, m" ; so that Pp, p’ will be the planes of two 
subcontrary sections of the second cone: the tangents to these 
two sections passing through the points mM”, m”, will, there- 
fore, make equal angles with the side sm’m” (20); but the 
two right lines M’M’”, m"m’” make (by hypothesis) equal 
angles with that side; these two right lines are, therefore, 
actually the tangents to the two circular sections of the second 
cone: for, through the two points mM”, m’’ only two right lines 
can be drawn in the planes p, p’, which make equal angles with 
the side sm’m”, since these two right lines intersect at the 
point where the plane, drawn at right angles to this side 
through the middle point of the segment m’m”, meets the in- 
tersection of the two planes pP, P’. 

Hence, it is proved that the circle passing through three 
points infinitely near, M, M’, Mm’, assumed in the section of the 
proposed cone made by a plane parallel to one of the two fixed 
planes, passes always through a fourth point m’” of this curve 
infinitely near the former; for the same reason, this circle, 
passing through the three consecutive points m’, Mm", m’”’, will 
pass through a fifth point, and again, through a sixth; which 
proves that this base is itself a circle; or, in other words, the 
osculating circle of this curve has at every point in it a con- 
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tact with it of the third order, from which it follows that this 


curve can only be a circle. 


Thus we have proved the. first 


theorem, and consequently the second. 
22. The two theorems (20) are particular cases of the fol- 


lowing : 


Every plane passing through two 
sides of acone of the second degree 
intersects the cyclic planes in two 
right lines which respectively make 
equal angles with these two sides. 


The planes passing through the 
two focal lines of a cone of the se- 
cond degree and through the right 
line of intersection of two tangent 
planes to the cone respectively make 


equal angles with these two tangent 
planes. 


It is sufficient to prove the first of these two theorems. 

For this purpose, let us take two subcontrary sections of 
the cone; the plane of the two sides cuts the planes of these 
two circles along two chords, which form, with the portions of 
the two sides lying between these chords, a plane quadrilate- 
ral, inscribed in the circle in which the plane of this quadrila- 
teral intersects the sphere, on the surface of which are the two 
subcontrary sections; two opposite angles of this quadrilate- 
ral are, therefore, supplemental one to the other; hence the 
two chords respectively make equal angles with the two sides 
of the cone. ‘These chords are parallel to the right lines in 
which the plane of the two sides intersects the two cyclic 
planes; the first theorem is, therefore, proved; the second 
follows from it. 

In the memoir above referred to we had already proved these 
two theorems in two different ways; first, as a consequence 
from the properties of the lines of curvature of a hyperboloid 
of one sheet ; and again, as a consequence from the proper- 
ties of surfaces of revolution of the second degree. 


23. Two planes touching a cone 
of the second degree along any two 
sides, intersect the two cyclic planes 
in four right lines, which are the 
generatrices of the same cone of re- 
volution, whose axis of revolution 
is perpendicular to the plane of the 
two sides of contact. 


The four vector planes, passing 
through the two focal lines of a 
cone of the second degree and 
through any two sides of the cone, 
are tangents to the same cone of re- 
volution, whose axis of revolution is 
the right line of intersection of the 
two planes touching the proposed 
cone along the two sides. 


Let us prove the first theorem. 

The first tangent plane intersects the two cyclic planes in 
two right lines, making equal angles with the side of contact 
(20); therefore, these two right lines make equal angles with 
every plane passing through this side; consequently, they 
make equal angles with the plane of the two sides. In like 
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manner the second tangent plane intersects the two cyclic 
planes in two right lines, which make equal angles with this 
same plane of the two sides. 

Now let us imagine a plane parallel to one of the cyclic 
planes ; it will cut the cone in a circle, and the two tangent 
planes to the cone in two tangents to this circle; these two 
i eae will be parallel to the two right lines in which the 
cyclic plane intersects the two tangent planes; but these two 
tangents make equal angles with the chord which joins their 
points of contact, and, consequently, they make equal angles 
with every plane passing through this right line; they, there- 
fore, make equal angles with the plane of the two sides of 
contact with the tangent planes. 

Hence, it follows, that the four right lines of intersection 
of the two cyclic planes with the two tangent planes, make 
equal angles with the plane of the two sides; consequently, 
they make equal angles with the right line perpendicular to 
this plane, which proves that they are generatrices of the same 
right cone, whose axis of revolution is perpendicular to the 
plane of the two sides of contact. Q.&. D. 


24. The sum or the difference The sum or the difference of the 
of the angles, which each tangent angles, which each side ofa cone of 
plane to acone of the second degree the second degree makes with its 
makes with the two cyclic planes, is two focal lines, is constant. (See 
constant. note to 20.) 


These two theorems may be respectively deduced from the 
two preceding ones in the same manner: we mean to prove the 
second, since the figure it requires is easily constructed. 

Let there be a sphere, whose centre i8 at the vertex of a 
cone, it will meet the two focal lines, (supposed to be prolonged 
within a single sheet of the cone,) in two points F, F’; it will 
meet any two sides of the cone in two points, m, n; and the 
four vector planes passing through these sides, in four ares of 
great circles, which will touch a small circle of the sphere 
formed by the intersection of the sphere with the right cone, to 
which the four vector planes are tangents. (23, second column.) 

As the arcs rm, F’m, Fn, F’n, measure the angles which 
the two focal lines make with the two sides of the cone, our 
object is to prove that the sum of the first two is equal to the 
sum of the two latter. 

Let a, a’, b, b’, be the points where these four ares respec- 
tively touch the small circle. 

The two ares ma, ma’ are equal, as being drawn from the 
same point m, to touch the small circle; hence we conclude 
that Fm + F/m = Fa + Fa’. 

In like manner, the ares nb, nb’ are equal, and it follows 
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that rm + ¥/n = Fb + ¥’b’; now, the ares Fa and rb are equal, 
the ares F’a’ and r’b’ are also equal ; the two right hand mem- 
bers of the two equations are therefore equal, and, consequently, 
the first members are likewise equal to one another ; which 
was to be proved. | 
The angles made by the two generatrices of the cone with a 
focal line, are the supplements of the angles made by these 
generatrices with the production of this focal line within the 
second sheet of the cone; so that the difference of the angles 
made by aside of the cone with one focal line and with the 
production of the other focal line, is also a constant quantity ; 
it was for this reason that in the enunciation of the theorem 
we said, the sum or the difference of the angles made by each 
side with the two focal lines. ‘Thus the theorem is proved. 
25. It is known, that if, in a spherical triangle, one angle 
be invariable, and also the product of the trigonometric tan- 
gents of the halves of the sides containing it; the area of the 
triangle will remain constant, (Legendre’s Geometry ; Note 
on the Area of the Spherical Triangle.) From the first of the 
two preceding theorems we may, therefore, deduce the first, 
and, consequently, the second of the two following ones: 


In every cone of the second de- 
gree, each tangent plane intersects 
the two cyclic planes in two right 
lines such that the product of the 
tangents of the semi-angles, which 
they make with the intersection of 
the two cyclic planes, is constant. 


It would be easy to prove 


In every cone of the second de- 
gree, the vector planes, passing 
through the two focal lines and 
through any side of the cone, are 
such that the product of the tan- 
gents of the semi-angles, which they 
make with the plane of the two fo- 
cal lines, is constant. 


these two theorems directly, 


without making use of the proposition in spherical trigono- 
metry to which we referred ; but as this proposition is to be 
found in an elementary work familiar to all geometers, we may 
be allowed, in order to save time, toavail ourselves of it; more- 
over, we shall hereafter give the direct proof of which we 
speak, and which will exhibit the two theorems above stated, 
as depending upon the most elementary principles of geometry. 

26. Let there be two subcontrary sections of a cone of the 
second degree; each side of the cone meets these two circles 
in two points, the rectangle under the distances of which 
from the vertex of the cone, is invariable, whatever be this 
side, since these two circles are upon the same sphere (17). 
If from the vertex of the cone, perpendiculars be let fall on the 
planes of the two circles, they will be respectively equal to 
these two distances, respectively multiplied by the sines of the 
angles, which the side of the cone makes with the planes of 
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the two circles; therefore, the rectangle under the two per- 
pendiculars will be equal to the rectangle under the two dis- 
tanees, multiplied by the product of the two sines. Now, the 
perpendiculars will be the same, whatever side of the cone we 
consider; the rectangle under the two distances is also the 
same, as we have just shown; therefore, the product of the 
two sines is constant; but the planes of the two circles are 
parallel to the two cyclic planes of the cone; we have, there- 
fore, the first of the two following theorems, and, conse- 
quently, the second. 


In every cone of the second de- In every cone of the second de- 
gree, the product of the sines of the gree, the product of the sines of the 
angles, which each side makes with angles, which each tangent plane 
the two cyclic planes, is constant. makes with the two focal lines, is 

constant. 

27. If from a point o, taken arbitrarily, perpendiculars: be 
let fall upon the tangent planes to a cone of the second de- 
gree, they will form a second cone of the second degree, which 
will be the supplementary one to the first (10). ‘The feet of 
these perpendiculars will be upon the sphere whose diameter 
is the right line joining the point o with the vertex of the 
given cone, since the right line drawn from this vertex to the 
foot of each perpendicular, makes a right angle with that per- 
pendicular. Hence the feet of the perpendiculars will be upon 
the curve of intersection of the sphere and the second cone. 

Let us suppose the point 0 to be upon a focal line of the 
given cone. ‘This right line is perpendicular to a cyclic 
plane of the second cone (15); the sphere whose centre is 
upon this right line will, therefore, touch this cyclic plane, 
which proves that it will intersect the second cone in a circle 
lying in a plane parallel to the second cyclic plane of this 
cone (18); this second cyclic plane is perpendicular to the 
second focal line of the given cone (15) ; we have, therefore, 
the following theorem : 

Tf from a point assumed upon a focal line of a cone of the 
second degree, perpendiculars be let fall upon the tangent 
planes to this cone, their feet will be upon a circle, the plane 
of which will be perpendicular to the second focal line of the 
cone. 

28. The right lines which join the vertex of the given 
cone with the feet of the perpendiculars are the orthogonal 
projections of the first focal line upon the tangent planes; 
these right lines form a cone having for its base the circle 
which is the locus of the feet of the perpendiculars. This 
cone is evidently symmetrical on each side of the plane of the 
greatest section of the given cone in which the focal line lies ; 
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and it touches this given cone along the two sides lying in this 
plane, since these two sides are the projections of the focal 
line upon the tangent planes along those sides. From this 
position of the cone it results, that the orthogonal projections 
of the second focal line upon the tangent planes will be upon 
this same cone. ‘This cone will therefore pass, as appears from 
the theorem which we have just proved, through a second circle 
lying in a plane perpendicular to the second focal line ; whence 
we deduce the first of the two following theorems, and conse- 
quently the second : 


The orthogonal projections of the 


If a right angle, having the same 
two focal lines of a cone of the se- 


vertex with a cone of the second 


cond degree upon the tangent planes 
to the cone form a second cone of 
the second degree, which has a dou- 
ble contact with the proposed cone, 
and whose cyclic planes are perpen- 
dicular to the focal lines of the lat- 
ter. 


degree, turn round this vertex, so 
that one of its sides moves along 
either of the two cyclic planes of the 
cone, whilst its other side moves 
round the cone; the plane of this 
angle will envelope a cone of the 


second degree, which will have a 
double contact with the given cone, 
and whose focal lines will be per- 
pendicular to the two cyclic planes 
of the latter. 


29. ‘Theorem (27) gives rise to the following, which is the 
converse of it: 

If through the different points of a circle traced upon a 
cone of the second degree planes be drawn perpendicular to 
the sides passing through these points, these planes will enve- 
lope a second cone of the second dzgree, one of whose focal 
lines will pass through the vertex of the given cone, and whose 
other focal line will be perpendicular to the plane ofthe circle. 

30. If from a point in the focal line of a cone, perpendicu- 
lars be let fall upon two tangent planes, the right line joining 
their feet will be at right angles with the right line of inter- 
section of the two tangent planes; now, by theorem (27), 
the former right line will also be at right angles with the 
second focal line of the cone; it is, therefore, perpendicular to 
the plane passing through the right line of intersection of the 
Ano tangent planes and through the second focal line; there- 
ore, 

Lf from a point in a focal line ofa cone of the second de- 
gree, perpendiculars be let fall upon two tangent planes, the 
plane passing through the vertex of the cone and perpen- 
dicular to the right line joining their feet will pass through 
the second focal line of the cone. 

31. This may be otherwise stated in the first of the two fol- 
lowing theorems, from which the second is a consequence : 
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Ifa focal line of a cone of the 
second degree be orthogonally pro- 
jected upon two tangent planes, the 
plane passing through the right line 
of intersection of the two tangent 
planes, and perpendicular to the 
plane containing the two projections, 
will pass through the second focal 
line. 


32. Let there be two cones 
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If two right angles have each a 
side upon a cyclic plane of a cone 
of the second degree, and their 
two other sides coincident with two 
sides of the cone, the right line of 
intersection of their planes and the 
right line in which the plane of the 
two sides intersects the second cy- 
clic plane will be at right angles. 


of the second degree, having 


the same vertex and the same cyclic planes; ifa common tan- 
gent plane be drawn to them, it will touch the two cones along 
two sides, each of which will make equal angles with the twe 
right lines in which this tangent plane intersects the two 
cyclic planes (20.) These two sides will therefore bisect both 


the angle and the si aa of the angle contained by these 


two right lines, whic 


proves that these two sides are at right 


angles. We have, therefore, the two following theorems: 


When two cones of the second 
degree have the same vertex and 
the same cyclic planes, if a common 
tangent plane be drawn to them, 
the two sides of contact lying in this 
plane will be at right angles to each 
other. 


If two cones of the second degree, 
which have the same vertex and the 
same focal lines, intersect one ano- 
ther, their tangent planes passing 
through each side of intersection 
will be at right angles, that is to 
say, the two cones will cut one ano- 


ther at right angles. 


M. Dupin and M. Binet, Jun. have stated the general 
conditions to be fulfilled in order that two surfaces of the 
second degree may cut every where at right angles; but they 
did not include in their researches the case of two conical sur- 
faces, which is disposed of in the second of the two theorems 
just proved. (See Developpemens de Géométrie de Ch. 
Dupin, and, 16° cahier des Journaux de Tlécole Polytech- 
nique.) 

These two theorems may be employed with great advan- 
tage in different investigations, as we shall hereafter have 
occasion to show. 3 


SECTION III. 


PROPERTIES OF A CONE OF THE SECOND DEGREE RELATING 
TO A SINGLE CYCLIC PLANE} AND PROPERTIES RELATING 
TO A SINGLE FOCAL LINE. 


33. The properties of a cone of the second degree relating 
to a single cyclic plane, which we are about to prove, are 
deduced immediately from the properties of the-circle; and 
those relative to a single focal line may be shewn to depend 
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upon the former by reference to the supplementary cone. 
Hence, we shall content ourselves with merely writing them 
alongside of the former. 

The right line polar to a plane, with relation to a cone, 
passes, as we have stated (2,) through the centre of the sec- 
tion made in the cone by this plane or by any other parallel to 
it. Hence, the polar of a cyclic plane is the right line which 
is the locus of the centres of the circular sections of the cone 
lying in planes parallel to this cyclic plane. 

We have seen that, toa cyclic plane and to its polar, corres- 

ond, in the supplementary cone, a focal line and its polar 
plane (14.) We shall call this polar plane the director plane 
of the cone, a name analogous to that of directrix in the conic 
sections. A cone has two director planes, but we must always 
be understood to refer to that which corresponds to the focal 
line which we are considering. 

34. Let us begin with two theorems, the second of which 
is remarkable for its analogy to the leading property of the 
directrices of the conic sections. 


In every cone of the second de- In every cone of the second de- 
gree the ratio of the sines of the gree the ratio of the sines of the 
angles made by each tangent plane angles which each side makes with 
with a cyclic plane and with the a focal line and with the director 
‘ polar of this cyclic plane is constant. plane is constant. 


To prove the first of these two theorems, let us take a cone 
of the second degree and a secant plane parallel to one of its 
cyclic planes; the section of the cone will be circle, and the 
axis of the cone passing through the centre of this circle will 
be the polar of the cyclic plane. Let there be a tangent plane 
to the cone, and from the centre of the circle let us drop a per- 
pendicular on this plane; the sine of the angle made by this tan- 
gent plane with the plane of the circle is equal to this perpendi- 
cular divided by the radius of the circle ; the sine of the angle 
made by the tangent plane with theaxis ofthe cone terminatingin 
the centre of the circle is equal to this same perpendicular divided 
by the length of this axis. From the form of these expres- 
sions for the sines of the two angles, it appears that their ratio 
is independent of the perpendicular, and contains only the 
radius of the circle and the distance of its centre from the ver- 
tex of the cone. Hence, this ratio is constant, whatever be 
the tangent plane to the cone: which proves the first of the 
two theorems above stated; the second is deduced from it by 
reference to the supplementary cone. 

35. In what follows we shall still consider, as we have just 
done, a circular section of the cone, and we shall regard the 
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points and right lines lying in the plane of this section as the 
intersections of this plane, with right lines and planes passing 
through the vertex of the cone; and, in order to apply to the 
cone the various properties of the circle, in place of the right 
lines lying in the plane of this circle, we shall substitute, in 
the statement of our theorems, the traces upon the cyclic plane 
of the planes passing through these right lines and through 
the vertex of the cone. 

36. Thus, in order to transfer to the cone, this property of 
the circle, ‘‘a radius is perpendicular to the tangent passing 
through its extremity,” we shall consider the tangent and 
the radius as being the traces of a tangent plane to the cone 
and of a plane passing through the side of contact and through 
the polar of the cyclic plane (since this polar passes through 
the centre of the circle ;) and we shall remark that these two 
traces are respectively parallel to the traces of the same two 
planes upon the cyclic plane parallel to the plane of the cir- 


cle ; whence we have the first 


and, consequently, the second. 


The tangent plane to a cone of 
the second degree, and the plane 
passing through the side of contact 
and through the polar of a cyclic 
plane, meet this cyclic plane in two 
right lines which are at right angles 
with each other. 


of the two following theorems, 


If through a focal line of a cone 
of the second degree two vector 
planes be drawn, of which the first 
passes through any side of the cone, 
and the second through the right 
line in which the plane touching the 
cone along that side meets the di- 
rector plane, these two vector planes 
will be at right angles. 


37. Two tangents to a circle make equal angles with the 


chord which joins the two points of contact. 


Hence we infer, 


in accordance with what has been said (35,) that 


Two tangent planes to a cone of 
the second degree and the plane of 
the two sides of contact intersect a 
cyclic plane in three right lines, the 
third of which bisects the angle be- 
tween the first two. 


If through a focal line of a cone 
of the second degree vector planes be 
drawn respectively passing through 
two sides of the cone and through 
the right line of intersection of the 
two planes touching the cone along 
these sides, the third vector plane 
will bisect the angle between the 
first two. 


38. ‘Two eae to a circle make equal angles with the 


right line whic 
tre of the circle. 


Two tangent planes to a cone of 


joins their point of concourse with the cen- 
Hence we infer, that 


The vector planes passing through 


the second degree, and the plane a focal line of a cone of the second 
passing through their right line of degree and through two sides make 
intersection and through the polar equal angles with the vector plane 
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of a cyclic plane, meet that cyclic passing through the right line in 
plane in three right lines, the third which the plane of the two sides in- 
of which bisects the angle between _ tersects the director plane. 

the first two. 


39. The right line drawn from the centre of a circle to the 
point of concourse of two tangents is perpendicular to the 
chord which joins the two points of contact, and passes through 
the middle of this chord. Let it be observed, that the middle 
point of a right line is the harmonic conjugate to a point in 
this line lying at an infinite distance, and that the four right 
lines drawn from any point whatsoever to four harmonic points 
form a harmonic pencil; and we shall have the first of the two 


following theorems, and, consequently, the second. 


The plane passing through the 
polar of a cyclic plane of a cone of 
the second degree and through the 
right line of intersection of two tan- 
gent planes to the cone, and the 
plane of the two sides of contact, meet 
the cyclic plane in two right lines 
which are at right angles with each 
other ; 

And the right lines, in which the 
the plane of the two sides meets the 
cyclic plane and the plane passing 
through its polar and through the 
right line of intersection of the two 
tangent planes, are harmonic conju- 
gates with relation to the two sides. 


40. If the plane of the two sides 
passes through the polar of the cyclic 
plane, the right line of intersection of 
the two tangent planes will be in this 
cyclic plane ; therefore, 

If through a right line lying in 
the cyclic plane of a cone of the se- 
cond degree two tangent planes be 
drawn to the cone, the plane of the 
two sides of contact will intersect 
the cyclic plane in a second right 
line which will be at right angles to 
the former. 


Two vector planes passing through 
a focal line of a cone of the second 
degree will be at right angles, if one 
passes through the right line of in- 
tersection of two tangent planes to 
the cone, and the other through the 
right line in which the plane of the 
two sides of contact meets the direc- 
tor plane ; 

And the two planes drawn 
through the right line of inter- 
section of the two tangent planes, 
and passing, the first through the 
focal line, and the other through the 
right line in which the plane of the 
two sides meets the director plane, 
are harmonic conjugates with rela- 
tion to the two tangent planes. 

If the right line of intersection of 
the two tangent planes be in the di- 
rector plane, the plane of the two 
sides of contact will pass through the 
focal line ; therefore, 

If a cone of the second degree be 
cut by a transversal plane passing 
through a focal line, the planes 
touching the cone along the two 
sides lying in this plane will inter- 
sect on the director plane; and the 
plane passing through the focal line 
and through the right line of inter- 
section of the two tangent planes 
will be perpendicular to the trans- 
versal plane. 


41. When a quadrilateral is inscribed in a circle two oppo- 


site angles are always supplemental one to the other. 


we infer, that 


Hence 
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When a tetrahedral angle is in- 
scribed in a cone of the second 
degree, the angle between the traces 
of two of its adjacent faces upon a 
cyclic plane of the cone is supple- 
mental to the angle contained by the 
traces upon the same cyclic plane of 
the two other faces. 
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When a tetrahedral angle is cir- 
cumscribed about a cone of the 
second degree, the vector planes, 
passing through a focal line and 
through two adjacent edges of the 
tetrahedral angle, contain an an- 
gle which is supplemental to the 
angle contained by the vector planes 
passing through the two other edges. 


42. All the angles whose vertices are upon the circumfe- 
rence of a circle, and whose sides pass through the extremities 
of the same chord, are equal (we mean the acute angle con- 
tained between the two sides, otherwise two angles would be 
supplemental one to the other, when their vertices were on 


opposite sides of the chord ;) if this chord pass through the 


centre of the circle all the angles are right. 


that 


If through two fixed sides of a 
cone of the second degree, two 
planes be drawn, intersecting along 
any third side of the cone, the traces 
of these planes upon a cyclic plane 
will contain between them an angle 
of invariable magnitude. 


This angle will be right if the 
plane of the two fixed sides passes 
through the polar of the cyclic 
plane. 


43. The polar of a cyclic plane is 
in the plane of the least section of 
the cone. Hence we infer from the 
second part of the preceding theorem, 
that 


If through the two sides of a cone 
of the second degree lying in the 
plane of its least section two planes 
be drawn intersecting along any side 
whatever of the cone, their traces 
upon one of the cyclic planes will be 
at right angles. 


Hence we infer, 


Two fixed tangent planes being 
drawn to a cone of the second de- 
gree, and also any third tangent 
plane whatever, the vector planes 
passing through a focal line and 
through the two right lines in which 
the two fixed planes are intersected 
by the third tangent plane will con- 
tain between them an angle of inva- 
riable magnitude, whatever be this 
third tangent plane. 

This angle will be right if the 
right line of intersection of the two 
fixed tangent planes be in the direc- 
im plane corresponding to the focal 
ine. 

The director plane passes through 
the minor axis of the cone; the two 
planes touching the cone along the 
sides lying in the plane of the great- 
est section also pass through the mi- 
nor axis; they therefore intersect 
upon the director plane. Hence we 
infer from the second part of the 
preceding theorem, that 

Every tangent plane to a cone of 
the second degree intersects the 
two tangent planes that are perpen- 
dicular to the plane of the greatest 
section in two right lines such that 
the vector planes, passing through 
a focal line and through these two 
right lines, are at right angles to 
each other. ; 
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44. From the two theorems (42,) the following imme- 


diately result : 


Ifin a cyclic plane of a cone of 
the second degree, an angle of in- 
variable magnitude, and having the 
same vertex with the cone, be made 


to turn; the plane passing through | 


one side of the angle, and through 
a fixed side of the cone, will pass 
through a second side; and the 
plane determined by this second 
side of the cone and by the second 
side of the moveable angle will turn 
round a fixed side of the cone. 


If round a focal line of a cone of 
the second degree, as an edge, a 
dihedral angle of invariable magni- 
tude be made to turn; and if 
through the right line in which one 
of its faces meets a fixed tangent 
plane to the cone a second tangent 
plane to the cone be drawn, this 
second plane will meet the second 
face of the dihedral angle in a right 
line which will always be in the 
same tangent plane to the cone. 


45. If, from the vertex of a cone, a perpendicular be let 


fall upon the plane of a circular section of the cone, and two 
parallel tangents be drawn to this circle, the sum of the distances 
of the foot of the perpendicular from the two tangents, will be 
constant and equal to the diameter of the circle; but, these 
distances may be taken as the trigonometric tangents of the 
angles, which the two tangent planes to the cone, passing 
through the two tangents to the circle, make with the per- 
dicular let fall from the vertex of the cone, and these trigo- 
nometric tangents are equal to the reciprocals of the trigo- 
nometric tangents of the angles which the two tangent 
planes make with the plane of the circle, or with the cyclic 
plane to which the plane of the circle is parallel; hence we 
infer, that 

If, through a right line lying in 


Every plane passing through a 
a cyclic plane of a cone of the 


focal line of a cone of the second 


second degree, two tangent planes 
be drawn to the cone, the sum of 
the reciprocals of the trigonometric 
tangents of the angles which they 
make with the cyclic plane will be 
constant. 


degree cuts the cone along two 
sides such that the sum of the re- 
ciprocals of the trigonometric tan- 
gents of the angles which they make 
with this focal line is constant. 


SECTION IV. 


GEOMETRIC LOCI RELATING TO THE CYCLIC PLANES, AND TO 
THE FOCAL LINES OF CONES OF THE SECOND DEGREE. 


46. If the sides of an angle of invariable magnitude, con- 
tained in a given plane, turn round two fixed points, its 
vertex generates an are of a circle; hence we infer, that 


If round two fixed right lines 
which intersect, two planes be made 


Being given two fixed planes and 
a right line passing through a point 
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to turn, so that their traces upon 
a fixed plane passing through the 
point of intersection of the two right 
lines may contain an angle of invaria- 
ble magnitude, the intersection ofthe 
two moveable planes will generate a 
cone of the second degree, which will 
have the fixed plane for one of its 
cyclic planes, and which will pass 
through the two fixed right lines. 
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in their intersection, if round this 
right line two planes be made to 
turn, containing between them an 
angle of invariable magnitude, the 
two right lines in which these planes 
will respectively intersect the two 
fixed planes will determine a move- 
able plane, which will envelope a 
cone of the second degree, in which 
the fixed right line will be a focal 
line, and which will touch the two 
fixed planes. 


It is scarcely necessary to mention, that, as upon a given 
right line, two ares of circles can be described capable of 
containing the same angle; so, in each of these two propo- 
sitions, there are two cones perfectly equal. 

We might have deduced these two propositions directly 


from the two theorems (42.) 


47. The vertex of an angle of invariable magnitude, whose 


sides touch a circle, generates a second circle; and the chord 
which joins the point of contact of the two sides, envelopes a 
third circle; these three circles are concentric; whence we 


infer, that 


If two tangent planes to a cone of 
the second degree move in such a 
way that their traces upon a cyclic 
plane contain between them an angle 
of invariable magnitude, the inter- 
section of these two planes will 
generate a second cone of the 
second degree. 

The plane of the two sides of 
contact of the two tangent planes will 
envelope a third cone of the second 
degree. 

The cyclic plane in questionwill be 
a cyclic plane of the two new cones, 
and this plane will have the same 
polar in the three cones. 


If a dihedral angle of invariable 
magnitude turn round a focal line 
of a cone of the second degree, as 
an edge, the plane of the two sides 
along which its faces will meet the 
cone will envelope a second cone of 
the second degree. 


> 

The planes touching the given 
cone along these two sides will in- 
tersect upon a third cone of the 
second degree. 

The focal line, round which the 
dihedral angle turns, will be a focal 
line of the two new cones; and the 
corresponding director plane will be 
the same in the three cones. 


48. If an angle of invariable magnitude turn round its 
vertex, which lies upon the circumference of a circle, the 
chord intercepted between its sides will always be a tangent 
to another circle concentric with.the former ; therefore, 


If round a side of a cone of the 
second degree two planes be made 
to turn, whose traces upon a cyclic 
plane contain between them an 
angle of invariable magnitude, the 


If round a focal line of a cone of 
the second degree a dihedral angle 
of invariable magnitude be made to 
turn, and if through the right lines 
in which the faces of this angle meet 
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plane of the two sides along which 
these two planes meet the cone will 
envelope a second cone of the second 
degree, which will have the same 
cyclic plane with the given one; 
and this plane will have the same 
polar in the two cones. 
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a fixed plane touching the cone two 
other tangent planes to the cone 
be drawn, their right line of inter- 
section will generate a second cone 
of the second degree, in which the 
edge of the dihedral angle will be a 
focal line, and the corresponding 
director plane will be the same in 
the two cones. 


49. Let us take a cone of the second degree, and cut it by 
any plane whatsoever, the curve of intersection will be a 
conic section; and it is known, that the vertices of all the 
right angles, circumscribed about this curve, are upon a circle 
whieh has the same centre with it ; whence we infer, that 


If two tangent planes be drawn 
to a cone of the second degree, so 
that their traces upon a fixed plane 
may contain between them a right 
angle, the intersection of these two 
planes will generate a second cone 
of the second degree, one of whose 
cyclic planes will be parallel to the 
fixed plane. 


This plane will have the same 
polar in the two cones. 


If two rectangular planes turn 
round a fixed right line passing 
through the vertex of a cone of the 
second degree, the sides along which 
these two planes cut the cone, taken 
two by two, will determine four 
planes which will envelope a second 
cone of the second degree, in which 
the fixed right line will be a focal 
line. 

This right line will have the same 
polar plane with relation to the 
two cones. 


50. If the fixed plane, in the former of these two theo- 


rems, be one of the three rectangular conjugate planes of 
the given cone, the second cone will evidently be one of 
revolution round the axis perpendicular to this plane; there- 


fore, 


If two tangent planes be made to 
revolve round a cone of the second 
degree, so that their traces upon 
one of the three rectangular conju- 
gate planes of the cone shall always 
be at right angles, the intersection 
of these two planes will generate a 
cone of revolution round the axis 
perpendicular to that plane. 


If round one of the three rectan- 
gular conjugate axes of a cone of 
the second degree two rectangular 
planes be made to turn, the sides 
along which these two planes will 
intersect the cone, taken two by two, 
will determine four planes which 
will envelope a cone of revolution 
round that axis. 


51. It is known, that if the vertex of an angle of invariable 


magnitude traverse a right line, whilst one of its sides turns 
round a fixed point, its other side envelopes a parabola touch- 
ing the right line traversed by the vertex of the angle. This 
proposition will help us in the proof of the following theo- 
rems : 
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If the faces of a variable dihedral Two fixed planes being drawn so 
angle inscribed in a cone of the se- as to touch acone of the second 
cond degree turn round two fixed degree, a third moveable tangent 
sides of the cone, the planedetermin- plane will intersect them in two 
ed by the two right lines in which right lines, and the planes respec- 
these faces intersect the two cy- tively passing through these two 
clic planes of the cone will enve- right lines, and through the two 
lope a second cone of the second focal lines of the cone, will intersect 
degree touching these two cyclic in aright line, which will generate 
planes. a cone of the second degree passing 

through these two focal lines. 

It is sufficient to prove the first of these two theorems, 
since the second may be deduced from it by reference to the 
supplementary cone. 

Let us draw a transversal plane parallel to a cyclic plane of 
the given cone; this plane will intersect the cone in a circle, 
the second cyclic plane in a right line p, and the faces of the 
dihedral angle in two right lines, L, L’, which will pass through 
two fixed points in the circle, and will intersect in any third 
point of this circle ; the plane, of which we seek the enveloping 
surface, will be cut by the transversal plane in a right line 
which will pass through the two points in which the two right 
lines, L, L’, respectively meet the traces of the two cyclic 
planes upon the transversal plane ; one of these traces is the 
right line p, the other is at an infinite distance. If, there- 
fore, through the point in which the right line t meets the 
right line p, we draw a right line parallel to the right line L’, 
this parallel will be the trace of the plane whose enveloping 
surface we are seeking. Now, this trace envelopes a para- 
bola; for it makes with the right line x an angle which is of 
invariable magnitude, as being equal to thé angle between the 
two right lines, Lt, ’; the vertex of this angle moves along 
the fixed right line p; its side L turns round a fixed point in 
the circle; therefore, its second side envelopes a parabola 
touching the right line p; which proves that the moveable 
plane envelopes a cone of the second degree touching the 
eyclic plane, which intersects the transversal plane in the right 
line D. In like manner it may be proved that this cone will 
touch the second cyclic plane; the theorem is therefore 
proved. 

52. If, round two fixed right If, rounda point assumed in the in- 
lines which meet another, two rec-  tersection of two fixed planes, aright 
tangular planes be made to turn, angle be made to turn, whose sides 
their intersection will generate a move in the two fixed planes, the 
cone of the second degree, which plane of this angle will envelope a 
will pass through the two fixed cone of the second degree, which 
right lines, and whose cyclic planes will touch the two fixed planes, and 


will be perpendicular to these two whose focal lines will be perpendicu- 
right lines. lar to these two planes. 


E 


26 


For, when two planes are rectan- 
gular, every plane perpendicular to 
one of them intersects them in two 
right lines which are at right an- 
gles to each other; therefore, a 
transversal plane perpendicular to 
one of the two fixed right lines in- 
tersects the two moveable planes in 
two right lines which are at right 
angles to each other ; now, these two 
right lines pass through the two fixed 
points in which the transversal plane 
meets the two fixed right lines ; their 
point of intersection will, therefore, 
generate acircle which passes through 
these two points, and along which 
moves the right line of intersection 
of the two moveable planes ; which 
proves the theorem. 
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For, let us draw through the ver- 
tex of the moveable angle a right 
line perpendicular to one of the two 


fixed planes ; it will be perpendicu- 


lar to the side of the angle which 
moves in this plane; the plane de- 
termined by this right line and by the 
other side, will, therefore, be perpen- 
dicular to the former side; whence 
it follows, that the planes passing 
through the right line and through 
the two sides of the angle will be 
rectangular. Now, we have seen that, 
when two rectangular planes turn 
round a fixed right line, the two 
right lines, in which they intersect 
two fixed planes passing through a 
point in this right line, are in a plane 
which envelopes a cone of the second 
degree, in which the fixed right line 
is a focal line (46, second column ;) 
which proves the theorem. 


It would have been sufficient to prove one of these two 
theorems, since either might be deduced from the other by 
reference to the supplementary cone. 


53. If, round a fixed point, aright 
linebe made to turn, which makes, 
with two fixed planes, angles, the 
product of whose sines is constant, 
this right line will generate a cone of 
the second degree whose two cyclic 
planes will be parallel to the two 
given planes. 


If, round a fixed point, a plane be 
made to turn, which makes, with 
two given right lines, angles, the 
product of whose sines is constant, 
this plane will envelope a cone of 
the second degree whose focal lines 
as be parallel to the two given right 
ines. 


These two propositions are evidently the converses of the 


two theorems (26.) 


It is sufficient to prove the first. 
For this purpose, let us take o as the fixed point; m, m, as 


the points in which a side of the cone generated by the moving 
right line meets the two fixed planes ; and p, p, as the feet of 
the perpendiculars let fall from the point o upon these planes; 
the sines of the angles which this side makes with these planes 


are respectively equal to ~, -?; the product of these two ratios 
ought therefore to be constant. Now, the numerators are con- 
stant, whatever side of the cone we consider; therefore, the rect- 
angle under the two lines, om, om, is constant ; which proves. 
that the point m being upon a plane, the point m is necessarily 
upon a sphere, (Note at the end of the Memoir ;) this point m 
lies, therefore, on the intersection of the second given plane 


and this sphere. Hence, the cone generated by the moving 
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eb line is cut in circular sections by the two fixed planes; 


which proves the theorem. 


54. A plane and aright line being 
given, if round their point of inter- 
section we conceive a plane to turn 
which makes, withthe given plane 
and right line, angles, the ratio of 
whose sines is constant, this plane 
will envelope a cone of the second 
degree, which will have the given 
plane for one of its cyclic planes ; 
and the given right line will be the 
polar of this cyclic plane with rela- 
tion to the cone. 


A right line and a plane being 
given, if round their point of inter- 
section we conceive a right line to 
turn which makes, with the given 
right line and plane, angles, the 
ratio of whose sines is constant, 
this right line will generate a cone 
of the second degree, in which the 
given right line will be a focal line, 
and the given plane will be the di- 
rector plane corresponding to that 
focal line. 


These two propositions are the converses of the two theo- 


rems (34.) 

It is sufficient to prove the first. 

For this purpose, let us draw a transversal plane parallel to 
the given plane; it will meet the given right line in a point a, 
and the moveable plane in a right line pb. 

The sine of the angle which this moveable plane makes 
with the fixed right line is equal to the perpendicular let fall 
from the point a upon the moveable plane divided by ao 
(o being the point of intersection of the given plane and 
right line, round which the moveable plane turns ;) the sine of 
the angle which this moveable plane makes with the transver- 
sal plane is equal to the same perpendicular divided by the 
distance of the point a from the right line p. ‘The ratio of 
the two sines is therefore equal to this distance of the point 
A from the right line p, divided by the distance 0a; this 
ratio is constant by hypothesis; the distance oa is likewise 
constant; consequently, the distance of the point a from 
the right line p is constant; thus, the trace of the move- 
able plane upon the transversal plane is always at the same 
distance from the point a; which proves that this trace enve- 
lopes a circle whose centre is at the point a; the cone enve- 
loping the moveable plane is therefore one of the second de- 
gree, having a cyclic plane parallel to the transversal plane, 
and the right line oa is the polar of this cyclic plane ; which 
proves the theorem. 

55. In the second of the two preceding theorems it is to be 
observed, that if from a point in the moveable right line per- 
pendiculars be let fall on the given right line and plane, the 
ratio of these perpendiculars will be the same as the ratio of 
the sines of the angles which the moveable right line makes 
with the given right line and plane. We have, therefore, the 


following theorem : 
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The geometric locus ofa point whose distances from a fixed 
right line and plane are in a given ratio, is a cone of the se- 
cond degree, which has the given right line and plane for a 
Socal line and its corresponding director plane. 

oe the ratio of the distances be one of equality, we infer 
that 

The surface, in which every point is equidistant from a 
given right line and plane, is a cone of the second degree, 
having the given right line and plane for a focal line and tts 
corresponding director plane. 

M. Hachette has employed this theorem in the descriptive 
solution of the question: ‘‘to find the centre of a sphere 
touching a plane and circumscribed about a hyperboloid of 
revolution.” (See M. Quetelet’s Correspondance Mathé- 
matique et Physique, Vol. IV. p. 285.) As M. Hachette’s 
proof is extremely simple, we subjoin it. 

Let a transversal plane be drawn parallel to the given plane, 
and let a right circular cylinder be described, having for its 
axis the given right line, and for its radius the distance of the 
transversal plane from the given plane. The transversal plane 
intersects the cylinder in an ellipse, every point of which is 
equidistant from the given right line and plane. Hence we 
perceive, that on the cone whose base is this ellipse, and whose 
vertex is the point of concourse of the given right line and 
Bae every point is equidistant from this right line and 
plane. 


SECTION V. 


PROBLEMS RELATING TO THE CYCLIC PLANES AND TO THE 
FOCAL LINES OF CONES OF THE SECOND DEGREE; AND 
GENERAL PROPERTIES OF TRIHEDRAL AND TETRAHEDRAL 
ANGLES. 


56. When the vertex and a cyclic plane of a cone of the 
second degree are given, only three other conditions are re- 
quired to determine this cone. 

For, if a transversal plane be drawn parallel to the given 
cyclic plane, this plane will intersect the cone in a circle, which 
it will be necessary to determine. For this purpose we require 
three conditions. Hence, the modes of describing a circle 
subject to three given conditions, will become applicable to 
the analogous questions relating to a cone of the second de- 
gree, of which we have the vertex and one cyclic plane given. 

By reference to the supplementary cone, it appears that the 
vertex and a focal line of a cone of the second degree being 
given, we require three other conditions to determine this 
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cone ; and the modes of construction, will correspond to those 
relating to the analogous questions on cones of the second de- 
gree, of which the vertex and a cyclic plane are given. 

57. ‘The centre of a circle which passes through two given 
points is upon the perpendicular erected at the middle point of 
the right line connecting the two points. Hence, in accor- 
dance with what has been already said (39) we deduce the 


two following theorems : 


If acyclic plane and two sides of a 
cone of the second degree be given, 
the polar of this cyclic plane is upon 
a plane determined by the two fol- 
lowing conditions : 


1. Its trace upon the plane of 
the two sides must be the harmonic 
conjugate, with relation to the two 
sides, of the right line in which the 
plane of these two sides intersects 
the cyclic plane. 


2. Its trace upon the cyclic plane 
must be perpendicular to this right 
line of intersection. 


If a focal line and two tangent 
planes of a cone of the second de- 
gree be given, the director plane 
corresponding to this focal line, 
will pass through a right line which 
is the intersection of the two fol- 
lowing planes : 

1. The plane which passes through 
the intersection of the two given 
tangent planes, and is the harmonic 
conjugate, with relation to these two 
planes, of the plane passing through 
this intersection and through the 
focal line. 

.2. The plane passing through 
this focal line at right angles with 
this latter plane. 


58. The centre of a circle touching two right lines is upon 
the right line which bisects the angle or the supplement of the 


angle between them. 


If a cyclic plane and two tangent 
planes of a cone of the second de- 
gree be given, the polar of this cy- 
clic plane lies in the plane which 
passes through the intersection of 
the two tangent planes, and whose 
trace upon the cyclic plane bisects 
the angle or the supplement of the 
angle between the traces of the 
two tangent planes upon this cyclic 
plane. 

59. Problem.—Given three sides 
and a cyclic plane ofa cone of the se- 
cond degree, to determine the polar 
of this cyclic plane. 


Hence we infer, that 


If a focal line and two sides of a 
cone of the second degree be given, 
the director, plane corresponding to 
this focal line passes through theright 
line in which the plane of the two 
sides meets the vector plane bisect- 
ing the angle or the supplement of 
the angle between the two vector 
bere passing through the focal 
ine and through the two sides. 


Problem.—Given three tangent 
planes and a focal line of a cone of 
the second degree, to determine the 
director plane corresponding to this 
focal line. 


The solutions of these two problems are evidently furnished 
by the two theorems (57;) it is, therefore, unnecessary to 


give them. 


Problem.—Given three tangent 
planes and a cyclic plane of a cone 
of the second degree, to determine 
the polar of that cyclic plane. 


Problem.—Given three sides and a 
focal line of a cone of the second 
degree, to determine the director 
plane of the cone corresponding to 
that focal line. 
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The solutions of these two problems are evidently furnished 

by the two theorems (58 ;) it is, therefore, unnecessary for us to 

give them. But it ought to be remarked, that just as the 

pee of describing a circle touching three given right lines 
as four solutions, so each of these two problems will likewise 

admit of four solutions. 

61. From what has been said it is -plain, that the solution 
of this question, ‘‘ to describe a circle touching three circles 
lying in the same plane,” furnishes immediately the solutions 
of the two following problems: 


Problem.—Given three cones of 
the second degree, having the same 
vertex and a common cyclic plane, 
to describe a fourth cone of the 
second degree, touching these three 
cones, and having the same cyclic 
plane with them. 


Problem.—Given three cones of 
the second degree, having the same 
vertex and the same focal line, to 
determine a fourth cone of the se- 
cond degree touching these three 
cones, and having the same focal 
line with them. 


Each of these problems, generally speaking, admits of eight 


solutions. The given cones may become planes or right lines, in 
the same way as we have shewn, (Annales de Mathématiques 
de M. Gergonne, ) that, in the construction of a circle touching 
three given circles, these latter may become right lines or 


points. 


62. We have seen(59,) that when we 
have a trihedral angle and a plane 
passing through its vertex, this plane 
may be considered as the cyclic plane 
of a cone of the second degree, three 
of whose generatrices are the three 
edges of the trihedral angle ; con- 
sequently, we infer from theorem 22, 
that 

If, being given a trihedral angle 
and a transversal plane passing 
through its vertex, we draw in each 
face of this angle a right linethrough 
the vertex, which makes, with one 
of the two edges lying in this face, 
an angle equal to that contained be- 
tween the other edge and the trace 
of the transversal plane upon this 
face, the three right lines thus 
drawn in the three faces are in the 
same plane. 

This plane and the given trans. 
versal plane are the cyclic planes 
of a cone of the second degree, 
circumscribed about the trihedral 
angle. 


We have seen (59,) that when we 
have atrihedral angle and a right 
line passing through its vertex, this 
right line may be considered as the 
focal line of a cone of the second 
degree touching the three faces of 
the trihedral angle ; consequently, 
we infer from theorem 22, that 


If, being given a trihedral angle 
and a right line passing through its 
vertex, we draw through each edge 
of this trihedral angle a plane, mak- 
ing, with one of the two faces ad- 
jacent to this edge, an angle equal 
to that which the other face makes 
with the plane determined by the 
same edge and by the given right 
line, the three planes thus drawn 
pass through the same right line. 


This right line and the given right 
line are the focal lines of a cone of 
the second degree inscribed in the 
trihedral angle. 
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63. This theorem leads to the solu- 
tion of the following problem : 

Problem.—Given three sides and 
cyclic plane of a cone of the second 
degree, to determine the second cy- 
clic plane of this cone. 
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This theorem leads to the solution 
of the following problem : 

Problem.—Given three tangent 
planes and a focal line of a cone of 
the second degree, to determine the 
second focal line of this cone. 


64. Theorems (28) give rise to the two following : 


Aright line being drawn through 
the vertex ofa trihedral angle, if it 
be projected orthogonally upon the 
three faces of the angle, and through 
the three projections a cone be 
made to pass, one of whose cyclic 
planes is perpendicular to the given 
right line, this cone will intersect 
the three faces of the trihedral an- 
gle in three new right lines, and the 
planes passing through these right 
lines and respectively perpendicular 
to the three faces will intersect in 
the same right line, which will be 
perpendicular to the second cyclic 
plane of the cone. 


A plane being drawn through the 
vertex of a trihedral angle, if in 
this plane we draw three right lines 
passing through the vertex, and re- 
spectively perpendicular to the three 
edges of the angle, each edge and 
its perpendicular will determine a 
plane; if a cone of the second 
degree be described touching the 
three planes thus determined, and 
having for a focal line the perpen- 
dicular to the given plane, through 
the edges of the trihedral angle 
three new tangent planes to the cone 
may be drawn, and the right lines 
drawn in these planes respectively 

erpendicular to the three edges, 
will all three be in a new plane per- 
pendicular to the second focal line 
of the cone. 


65. Theorem (30) leads to the following : 
If from any point perpendiculars be let fall upon the three 


faces of a trihedral angle, and through each edge of the angle 
a plane be drawn perpendicular to the right line Joining the 
feet of the perpendiculars upon the two faces adjacent to this 
edge, the three planes thus drawn will intersect in the same 


right line. 


66. Theorems (31) lead to the following : 


A right line being drawn through 
the vertex of a trihedral angle, its 
orthogonal projections on the faces 
of this angle will be the edges of a 
second trihedral angle; the planes, 
passing through the edges of the 
first angle, and respectively perpen- 
dicular to the faces of the second, 
will pass through the same right 
line. 


A plane being drawn through 
the vertex of a trihedral angle, 
three right lines drawn in this plane 
perpendicular to the three edges of 
the angle will respectively deter- 
mine with these edges three planes 
forming a second trihedral angle ; 
the three right lines drawn in the 
faces of the first angle, and respec- 
tively perpendicular to the three 
edges of the second, will all three 
be in the same plane. 


67. It is known that the circle circumscribed about a tri- 
angle, whose three sides touch a parabola, passes through the 
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focus of that curve. (Traité des Propriétés Projectives de M. 


Poncelet, p. 268.) 


Hence we infer the first, and conse- 


quently, the second, of the two following theorems : 


If about a cone of the second de- 
gree several trihedral angles be 
circumscribed, and as many cones of 
the second degree be respectively 
circumscribed about these trihedral 
angles, having all of them a plane 
touching the given cone for their 
common cyclic plane, all these 
cones will pass through a common 
generatrix. 

68. From what precedes we infer 
by mecis of theorem 28, second 
column, that 

A cone of the second degree being 
given, if any trihedral angle be cir- 
cumscribed about it, and in a fixed 
plane touching the cone three right 
lines be taken making right an- 
gles with the three edges of the 
trihedral angle, and if we further 
conceive a cone touching the planes 
of these three angles and having for 
its focal line the perpendicular to 
the fixed tangent plane, this new 
cone will touch a fixed plane, what- 
ever be the trihedral angle circum- 
scribed about the given cone. 


If in a cone of the second degree 
several trihedral angles be inscribed, 
and as many cones of the second 
degree be respectively inscribed in 
these trihedral angles, having all 
of them a side of the given cone for 
their common focal line, all these 
cones will touch the same plane. 


From what precedes we infer by 
means of theorem 28, jirst column, 
that 

A cone of the second degree be- 
ing given, if any trihedral angle be 
inscribed in it, and through a fixed 
side of the cone three planes be 
drawn respectively perpendicular to 
the faces of this angle, and if we 
further conceive a cone of the se- 
cond degree to be described pass- 
ing through their three right lines 
of intersection with these faces, and 
having one of its cyclic planes per- 
pendicular to the fixed side of the 
given cone, this new cone will pass 
through a fixed right line, whatever 
be the trihedral angle inscribed in 
the given cone. 


69. These two theorems lead to the two following proper- 


ties of tetrahedral angles : 


If a tetrahedral angle be given, 
and also, a fixed plane passing 
through its vertex, the planes of the 
four faces of the tetrahedral angle, 
taken three by three, will form four 
trihedral angles: now, if in the 
given plane right lines be taken mak- 
ing right angles with the edges of 
these trihedral angles, and a cone 
of the second degree be described, 
touching the planes of the threeright 
angles corresponding to each trihe- 
dral angle,and having one of its fo- 
cal lines perpendicular to the given 
plane, the four cones thus determined 
will all touch the same plane. 


If a tetrahedral angle be given, 
and also, a fixed right line passing 
through its vertex, the four edges 
of this angle, taken three by three, 
will determine four trihedral angles: 
now, if through the given right line 
planes be drawn perpendicular to 
the faces of each of these trihedral 
angles, and through the right lines 
of intersection of these planes with 
these faces a cone of the second de- 
gree be described, having one of its 
cyclic planes perpendicular to the 
given right line, the four cones thus 
determined will pass through a com- 
mon generatrix. 
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SECTION VI. 


ORGANIC DESCRIPTION OF CONES OF THE SECOND DEGREE. 


70. The organic description of the conic sections given 
by Newton, is founded upon the following theorem : 

’ If any two constant angles turn round. two fixed points as 
vertices, so that two of their sides intersect upon a given right 
line, the point of intersection of their two other sides will 
generate a conic section, which will pass through the two 


fixed points. 


(See Universal Arithmetic, Vol. i.; and Prin- 


cipia Mathematica, Lib. i, Lemma 21.) 
This construction of the conic sections by points, is general. 
The cones of the second degree admit of a similar con- 
struction, by which their sides are determined; and also of 


another analogous construction 
may be determined. 


by which their tangent planes 


These two modes of describing the cones of the second 


degree are included in the two 


71. If any two dihedral angles of 
invariable magnitude whose edges 
are fixed and meet one another, turn 
round these edges so that two of 
their faces intersect ona fixed plane 
passing through the point of inter- 
section of the two edges, the inter- 
section of their two other faces will 
generate a cone of the second de- 
gree which will pass through the 
two fixed edges. 


For let us conceive a cone of the 
second degree, whose focal lines are 
the edges of the two moveable dihe- 
dral angles, and which touches the 
gived fixed plane. 

The two first faces of the two di- 
hedral angles itersect upon this 
plane, by hypothesis ; through their 
right line of intersection, let us draw 
a plane m, touching the cone ; this 
plane meets the second face of the 
jirst angle in a right line which ge- 
nerates a plane Pp, touching the cone. 
(44, second column.) 

In like manner, the plane m meets 
the second face of the second angle 
ina right line which generates ano- 
ther plane ¥’, touching the cone. 


F 


following theorems : 


If any two plane angles of invaria- 
ble magnitude have for their com- 
mon vertex a fixed pointround which 
they turn in two given’ planes, in 
such a manner that the plane deter- 
mined by two of their sides turns 
round a fixed right line passing 
through their common vertex, the 
plane determined by their two other 
sides will envelope a cone of the 
second degree, which will touch the 
two planes in which the two angles 
respectively move. 

For let us conceive a cone of the 
second degree, whose cyclic planes are 
the two planes in which the two an- 
gles move, and which passes through 
the fixed right line. 

The plane which contains the two 
first sides of the two angles turns 
round this right line, and cuts the 
cone along another side m3 _ the 
plane determined by this side and by 
the second side of the first angle 
turns round fixed side of the cone 
Pp, (44, first column.) 


In like manner, the plane deter- 
mined by the side m and by the 
second side of the second angle turng 
round another fixed side of the cone P’ , 


34 


Hence the two second faces of the 
two dihedral angles meet any plane 
mM touching the cone in two right 
lines contained in two fixed planes P, 
Pp’, touching this cone ; but these two 
faces respectively pass through the 
two edges of the dihedral angles 
which are the focal lines of the cone ; 
therefore, their right line of inter- 
section generates a cone of the se- 
cond degree, passing through these 
two fixed edges. (51, second column.) 
Q. E. D. 
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Hence the two second sides of the 
two angles are respectively in two 
planes which turn round two fixed 
sides of the cone P,P’, and which 
intersect upon another indefinite side 
M; but these two sides are respec- 
tively in the two cyclic planes of: the 
cone ; therefore, their plane will en- 
velope a cone of the second degree, 
touching these two cyclic planes. (51, 
first column.) Q. E. D. 


It would have been sufficient to demonstrate one of these 
two theorems, since the other might have been deduced from 
it by reference to the supplementary cone. 

The first part of our proof of the first theorem is analogous 
to the method which M. Poncelet has employed in proving 


the theorem of Newton. 


(Traité des Proprietes Projectives, 


p- 274.) It is satisfactory to make this comparison, since it 
furnishes an example of the advantages attending the modes 
of proof adopted in that learned work, when applied to 
questions in the geometry of three dimensions as well as to 


those of plane geometry. 


72. Problem.—Given five sides of 
a cone of the second degree, to de- 
termine all the other sides of the 
cone by the movement of two dihe- 
dral angles round their edges. 

Let a, B, c, D, E, be the five given 
sides ; let us take the first two a, 8, 
as the edges of the two moveable di- 
hedral angles, and conceive that when 
two faces of these angles simulta- 
neously coincide with the plane of the 
two sides a, B, their two other faces 
intersect along the third side c 3; so 
that these two angles are perfectly 
determined. 

Now let them be turned round 
their edges a, B, so that their two 
faces, which before passed through 
the side c, may intersect along the 
fourth side p, and again along the 
Jifth side; their two first faces 
which originally coincided with the 
plane of the two edges a, 8B, will 
successively intersect in two right 
lines p', E’. 

Let the right line of intersection 


Problem.—Given five tangent 
planes to a cone of the second de- 
gree, to determine all the other tan- 
gent planes by the movement of two 
angles in their respective planes. 

Let a, B,C, D, E, be the five given 
planes ; let us take the first two a, B, 
as the planes of the two moveable 
angles ; the third plane c, will inter- 
sect them in two right lines which 
will make two angles with the right 
line of intersection with these two 
planes ; these will be the two movea- 
ble angles. c 

Now let them be turned round 
their common vertex in their respec- 
tive planes a, B, so that their two 
sides, which before were contained in 
the plane c, may lie in the plane v, 
and again in the plane £3; their two 
first sides which originally coincided 
with the right line of intersection of 
the two planes a, B, will successively 
determine two planes pv’, B’. 

Let the plane of the same two 
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of the same two faces traverse the 
plane determined by the two right 
lines v', &’, the right line of intersec- 
tion of the two other faces will gene- 
rate the required cone ; as appears 
from the preceding theorem. 
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sides turn round the right line of 
intersection of these two planes 0’, &’, 
the plane of the two other sides of 
the two moveable angles will assume 
all the positions of the planes touch- 
ing the required cone; as appears 


from the preceding theorem. 


SECTION VII. 


PROPERTIES CF HYPERBOLOIDS DEDUCED FROM THOSE OF 
CONES OF THE SECOND DEGREE. 


73. It is known that a hyperboloid, whether of one or of 
two sheets, and its asymptotic cone have the same systems of 
conjugate diameters. Now, we have proved that in every 
cone of the second degree there are two axes such that two 
conjugate planes passing through either of them, are always 
at right angles (14) ; it follows, therefore, that 

In every hyperboloid, whether of one or of two sheets, there 
are two diameters such that two conjugate planes passing 
through either of them are always at right angles(a). 

These two diameters are the focal lines of the asymptotic 
cone of the hyperboloid. 

74. These right lines lie within the cone; consequently 
they meet the hyperboloid if it be one of two sheets, and do 
not meet it if it be of one sheet. About a hyperboloid of one 
sheet, two cylinders might therefore be circumscribed, having 
their generatrices parallel to the two right lines in question. 

Two.planes passing through either of these right lines, and 
mutually conjugate with relation to the hyperboloid, will 
also be conjugate with relation to the circumscribed cylinder, 
whose generatrices are parallel to this right line. A trans- 
versal plane perpendicular to this right line will cut the 
cylinder in a conic section, and will intersect the two conju- 
gate planes along two conjugate diameters of that curve ; 
now these two diameters will be at right angles; the conic 
section will therefore be a circle; whence we infer, that 

About every hyperboloid of one sheet two cylinders may 
be circumscribed, whose bases upon planes perpendicular to 
their generatrices are circles (6). 


(a) There are two similar right lines in the ellipsoid ; as we shall show 


hereafter, when proving amore general property of the surfaces of the 
second degree. 


(6) This equally applies to the ellipsoid. 
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The axes of these cylinders are the focal lines of the 
asymptotic cone of the hyperboloid. 

75. These cylinders possess two characteristic properties 
which are easily deduced from two properties of cones of the 
second degree. For it is well known that the sides of the 
asymptotic cone of a hyperboloid of one sheet are parallel to 
the generatrices of the hyperboloid; we infer, therefore, from 
theorem (34,) second column, in consequence of what has 
been just stated, that, 

In every hyperboloid of one sheet, the ratio of the sines of 
the angles made by each generatrix with the axis of etther 
of the two circumscribed right circular cylinders, and with 
the diametral plane conjugate to that axis, is constant. 

76. Theorem (24,) second column; leads to the following : 

In every hyperboloid of one sheet, the sum or the difference 
of the angles made by each generatriz with the two axes of 
the circumscribed right circular cylinders, ts constant. 

77. The properties of the cones of the second degree lead 
also to two theorems relative to the subcontrary sections of 
the hyperboloid of one sheet. 

For every transversal plane intersects a hyperboloid, and its 
asymptotic cone in two similar, and similarly placed conic sec- 
tions. ‘This may be easily shown, for where two surfaces of the 
second degree touch one another along a plane curve, every 
plane intersects them in two conic sections, which have a 
double contact on the right line in which this plane meets the 
plane of the curve of contact of the two surfaces. If the 
plane of this curve be at an infinite distance, the two conic 
sections will have a double contact on a right line lying at an 
infinite distance, which indicates that the two conic sections 
are similar, similarly placed, and concentric. 

Hence, it follows, that the planes of the circular sections of 
a hyperboloid are parallel to the cyclic planes of its asymp- 
totic cone. 

78. Consequently, theorem (26,) first column, leads to the 
following : 

In every hyperboloid of one sheet, the product of the sines 
of the angles made by each generatrix with the planes of the 
subcontrary sections, ts constant. 

79. Every plane touching a hyperboloid of one sheet passes 
through two generatrices, and the plane passing through the 
centre of the hyperboloid intersects the asymptotic cone along 
two sides parallel to these two generatrices ; consequently, 
theorem (22,) first column, leads to the following : 

In every hyperboloid of one sheet, the tangents drawn at 
any point on tts surface to the two eircular sections passing 
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through this point respectively make equal angles with the 
two generatrices which meet in this point. 


Note referred to in Nos. 17 and 53. 


Theorem.—IJf from a fixed point radii be drawn, terminating at dif- 
ferent points of a given plane, and points be assumed on these radii, whose 
distances from the fixed point are reciprocally proportional to the radii, 
these points will all be on a sphere which will pass through the fixed 
point, and whose centre will be on the perpendicular let fall from this 
point upon the plane. 

For, let o be the fixed point, p the foot of the perpendicular let fall 
from this point upon the given plane, and m any point whatever in the plane ; 
let us assume upon the radii oP, om, two points p, m, such that op,om, may be 
reciprocally proportional to op, om, that is to say, such that we shall have 
OP. op= a’, oM.om = a’; (a being aconstant right line ;) the triangles opm 
opm, are plainly similar, the angle m is, therefore, a right angle ; which 
proves that the point m is upon the sphere described upon op as diameter. 
Q. E. D. 
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SECTION I. 


PRELIMINARY CONSIDERATIONS. 


‘1. Let there be a cone of the second degree having its ver- 
tex at the centre of a sphere. ‘The curve of intersection of 
these two surfaces is a line of curvature of the cone, since it 
is every where normal to the generatrices of the cone, which 
are also lines of curvature. 

By the intersection of the sphere with the two sheets of 
the cone, we obtain two curves, which return into them- 
selves, and which are evidently symmetrical with relation to 
the three principal planes of the cone, in the same manner as 
the cone itself is symmetrical with relation to these three 
planes. These two curves are also symmetrical with relation 
to the three great circles in which these planes intersect the 
sphere. 

Beach of these two curves is of double curvature, unless the 
cone be one of revolution, in which case they are both circles 
of the sphere. These two curves, in the general case of any 
cone of the second degree, have the form of an ellipse, 
and differ less from this curve as the radius of the sphere be- 
comes greater. On this account we may be permitted to call 
each of these curves a spherical ellipse. 

2. Let the principal plane of the cone be drawn, and let 
us only consider the hemisphere and the sheet of the cone 
situated above this plane; this sheet will determine a spheri- 
cal ellipse upon the surface of the sphere ; the principal axis 
of the cone will penetrate the sphere in a point which will be 
the centre of this ellipse; for it will bisect every arc of a 
great circle passing through this point and included within 
the curve; since the are of a great circle, included between 

G 
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two points on a sphere, measures the angle contained by two 
right lines drawn from the vertex of the cone to these two 
points. 

Every are of a great circle passing through the centre and 
terminated by the curve is a diametral arc of the curve. 

The greatest and the least of the diametral ares of the ellipse, 
which we shall call its principal diametral arcs, are contained 
in the planes of the greatest and least sections of the cone. 
These arcs terminate in four points of the ellipse, which may 
be called its vertices. 

The two focal lines of the cone will penetrate the hemi- 
sphere, on which is traced the spherical ellipse which we are 
now considering, in two points which may be called the 
foci of the ellipse, on account of the similarity which may be 
shown to exist between their properties and those of the foci 
of plane ellipses. 

Lastly, the two cyclic planes of the cone will intersect the’ 
same hemisphere in two great semi-circles, which will have 
the major axis of the cone for their common diameter. This 
major axis lies in the plane of the greatest diametral arc of the 
ellipse; and these two great semi-circles are perpendicular to 
the least diametral arc, and never meet the ellipse. In order 
to indicate their origin, let us call these two ares the cyclic 
arcs of the spherical ellipse. 7 

3. Now let us draw the plane of the least section of the 
cone. Itis clear that this plane will divide the complete inter- 
section of the cone and sphere into two equal parts, symme- 
trically placed with relation to this plane. 

Let us consider the part of this intersection lying on one 
side of this plane: it will consist of two branches which will 
be halves of the two spherical ellipses; these two branches 
being symmetrical with respect to the diametral plane perpen- 
dicular to the principal axis of the cone, and receding more 
and more from this plane as the distance from their vertices in- 
creases, form, when considered together, a curve which may 
be called a spherical hyperbola. Its centre is the point where 
the major axis of the cone penetrates the hemisphere on which 
the curve is traced; its two foci are the points where the two 
focal lines of the cone penetrate this hemisphere. ‘The curve 
has but two vertices, and its foci lie upon the are of a great 
circle which joins them. ? 

Lastly, the two cyclic planes of the cone intersect the 
hemisphere in two great semicircles, which pass through the 
centre of the hyperbola, and make equal angles with the are 
which joins its two foci. These are the two cyclic arcs of 
the hyperbola. 
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4. Again, let us consider the hemisphere lying on either 
side of the plane of the greatest section of the cone, that is, 
the plane containing the two focal lines. 

On this hemisphere we shall have two halves of the two 
spherical ellipses. These two curves turn their concave parts 
towards each other, and approach towards the principal plane 
of the cone as the distance from their vertices increases. 

These two branches taken together form a third species of 
spherical curve. This curve has a centre, which is the point 
of intersection of the sphere with the minor axis of the cone ; 
it has four foct which are in the plane of the greatest section 
of the cone, and two cyclic arcs which lie between the two 
branches of the curve, and are perpendicular to the are of the 
great circle which joins its two vertices. 

The three curves which we have just been considering, are 
portions of the-same curve which arises from the complete 
intersection of the sphere with a cone of the second degree, 
having its vertex at, the centre of the sphere. We may, 
therefore, designate them all by the common name of spheri- 
cal conics. 

5. The Spherical conics possess a great number of pro- 
perties, of which the most part are very remarkable. 

It is to be observed, that all these properties are double, 
that is to say, to every proposition relative to the spherical 
conics, there always corresponds a second proposition relative 
to these same curves. 

This results from the fact, that the properties of the cones 
of the second degree are double, as we have already proved. 
(See section 10 of the preceding Memoir:) But we may also 
prove this general principle by observing, that to any figure 
traced upon the surface of the sphere there always corres- 
ponds a second figure, which is the envelope of the arcs of 
great circles, whose planes are perpendicular to the radii of 
the sphere drawn to the different points of the first figure. 
Each property of the first figure has, therefore, always a 
corresponding property in the second figure; but if the first 
figure be a conic, the second will also be a conic, arising from 
the intersection of the sphere with the cone supplementary to 
that on which the first conic lies; which proves the principle 
that has been stated. 

We may call the two conics supplementary, as well as the 
two cones; the cyclic arcs of either of them are in the dia- 
metral planes perpendicular to the diameters of the sphere 
passing through the foci of the other. i 

6. Among the numerous properties of the spherical conics 
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there are two which have been already given by M. Magnus, 
of Berlin. (See Annales de Mathématiques, August, 1825.) 
They are the two following: 

‘* The sum or the difference of the two radii vectores drawn 
from the two foci of a spherical conic to any point in it is 
constant. 

‘<The two radii vectores drawn to any point of the conic 
make equal angles with the are of a great circle touching the 
curve at that point.” 

7. It is evident that, by reference to the supplementary conic 
whose properties we have just stated, we might immediately 
deduce from these two propositions the following theorems 
which appear to us to possess an equal degree of interest : 

‘“< In every spherical conic there are two ares of great circles 
such that the sum or the difference of the angles, which each 
are of a great circle touching the conic makes with them, is 
constant. 

‘¢ Every are of a great circle, touching the conic and ter- 
minated by these two fixed arcs, is bisected at its point of 
contact with the conic.” | 

‘The former of these two propositions shows that, 

‘¢ The envelope of the bases of all the spherical triangles, 
which have a common vertical angle and the same area, is a 
spherical conic.” 

8. This latter, and the preceding theorem, are exactly ana- 
logous to the following well-known properties of the hyper- 
bola: 

‘¢ The envelope of the bases of all the plane triangles, which 
have a common vertical angle and the same area, 1s a hyper- 
bola. 

** The portion of any tangent to a hyperbola intercepted by 
the two asymptotes is bisected at the point of contact with 
the curve.” 

We shall find the same analogy between several other pro- 
perties of the spherical conics and those of the hyperbola, so 
that the cyclic ares of the spherical conics will be found to 
bear the same relation to those curves that its asymptotes do 
to the hyperbola. 

As to the two theorems of M. Magnus, they bear a striking 
similarity to the known properties of the foci of the conic 
sections: the same may be observed of all the other pro- 
perties of the foci of these curves. 

In fact, we shall show in the last section of this Memoir, how 
the properties of the foci of the conic sections and those of 
the asymptotes of the hyperbola may be considered as conse- 
quences from those which we prove with relation to the foci 
and the cyclic ares of the spherical conics. 
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But as these properties of the foci of the spherical conics may 
be applied to all the plane conic ‘sections, it might naturally 
be supposed that those of the cyclic arcs ought, in like man- 
ner, to have corresponding ones in every plane conic section ; 
they therefore guide us to the discovery of a new class of 
general properties of the plane conic sections, of which those 
of the asymptotes of the hyperbola are only particular cases. 

We shall make these new properties of the plane conic 
sections, the subject of a separate memoir, as we mean to couple 
with them the analogous properties of the surfaces of the 
second degree. 

9. It is surprising that the elegance of M. Magnus’s two 
propositions has not yet directed the attention of geometers 
to researches of this kind, and that the theory of the spherical 
conics has yet to be constructed, although, in consequence of 
the duality of all the propositions of spherical geometry, it 
admits perhaps of a wider extension than that of the plane 
conic sections. 

We do not, indeed, pretend to lay before the reader a theory 
of these conics; but we propose merely to state a certain 
number of those among their properties which relate to the 
foci and to the cyclic arcs, and which result immediately from 
those which we have proved relative to the cones of the 
second degree. It is manifest that various other known pro- 
perties of the cones of the second degree, would furnish, in 
like manner, and without difficulty, properties of the spherical 
conics, which ought to find a place in a treatise on these 
curves. 

10. A spherical ellipse and a spherical hyperbola have each 
only two foci; but a complete spherical conic has four foci 
placed at the extremities of two diameters of the sphere. In 
the theorems relating to two foci, we must always be under- 
stood to refer to two foci assumed respectively on these 
two diameters, and not to two foci assumed upon the same 
diameter; for the two foci ought to belong to the two focal 
lines of the cone on which the conic is traced. 

But it will be more simple to suppose, in all that follows, 
that the conic is a single spherical ellipse or hyperbola, and 
to consider upon the sphere only the hemisphere on which 
this ellipse or hyperbola is traced; by this means we shall 
avoid all ambiguity ; an are of a great circle touching the 
curve will have only one point of contact with it, whilst it 
would touch it in two points, were we to consider the com- 
plete conic; any two arcs of great circles will intersect in only 
one point, since we consider only one-half of the sphere ; for 
the same reason three ares of great circles will intersect two 
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by two in only three points, and will form but a single spheri- 
cal triangle. 

As we shall only have to speak of arcs of great circles, 
we may be allowed, for the sake of brevity, to use merely 
the word arc ; and it must be fully understood that we only 
mean arcs of great circles. 

We shall call the angle formed by two arcs of great circles 
a spherical angle; their point of intersection will be the vertex 
of the angle. We shall call every arc ofa great circle passing 
through the focus of a conic a vector are. 

The properties of the spherical conics which we are about 
to state being all immediate consequences from those of the 
cones of the second degree, which we have proved in the 
preceding Memoir, it will be sufficient to give the enunciations 
of them, indicating, in the case of each, the corresponding 
property of the cones of the second degree(a). ' 


SECTION II. 


PROPERTIES RELATING TO THE TWO CYCLIC ARCS OF A 
SPHERICAL CONIC 3; AND PROPERTIES RELATING TO ITS 
TWO FOCI. 


11. The two theorems (20 a,) lead to the following : 


The vector ares, drawn from the 


Every arc of a great circle touch- 
two foci of a spherical conic to any 


ing a spherical conic intersects the 


two cyclic arcs in two points, which 
are equally distant from the point 
of contact with this tangent arc. 


12. Conversely, 


If a curve traced upon a sphere 
be such that every are of a great 
circle, touching the curve and ter- 
minated by two fixed arcs of great 
circles, is bisected at the point 
where it touches the curve, this 
curve is a spherical conic. 


point on the curve, make equal 
angles with the are of a great circle 
touching the conic at that point. 


If a curve traced upon a sphere 
be such that the ares of great circles, 
drawn from two fixed points to any 
pointin the curve, make equal angles 
with the are of a great circle touch- 
ing the curve at that point, this 
curve is a spherical conic. 


This follows from the two theorems (21 a.) 


13. The two theorems (22 a,) lead to the following, of 
which the two in No. 11 are only particular cases : 


Every arc of a great circle inter- 
sects a spherical conic in two points 


The two vector ares, drawn from 
the two foci of a spherical conic to 


(a) We shall use numbers, followed by the letter a, in referring to the. 


paragraphs of the preceding Memoir. 
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which are equally distant from the 
points in which this are respectively 
cuts the two cyclic arcs. 
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the point of intersection of two ares 
touching the curve, respectively make 
equal angles with these tangent 
arcs. 


14. Theorems (23 a,) lead to the following : 


The planes of two arcs touch- 
ing a spherical conic intersect the 
planes of the two cyclic ares in four 
right lines, which are the genera- 
trices of a right cone whose axis of 
revolution is perpendicular to the 
plane of the great circle passing 
through the two points of contact 
of the tangent arcs. 


The planes of four vector arcs 
drawn from the two foci of a sphe- 
rical conic to any two points of the 
curve will all touch the same right 
cone whose axis of revolution is the 
right line of intersection of the planes 
of the two arcs touching the conic at 
these two points. 


15. Theorems (24 a,) lead to the following : 


The sum or the difference of the 
angles which each are touching a 
spherical conic makes with the two 
eyclic arcs is constant. 


The sum or the difference of the 
vector ares drawn from the two foci 
of a spherical conic to any point of 
the curve is constant. 


16. Theorems (25 a,) lead to the following : 


Every are of a great circle touch- 
ing a spherical conic intersects the 
two cyclic arcs in two points, such 
that the product of the trigonome- 
tric tangents of the semi-arcs lying 
between these points and the point 
of intersection of the two cyclic 
arcs is constant. 


The vector arcs, drawn from the 
two foci of a spherical conic to any 
point of the curve, make, with the 
diametral are which joins the two 
foci, two angles, such that the 
product of the trigonometric tan- 
gents of their halves is constant. 


17. Theorems (26 a,) lead to the following : 


In every spherical conic the pro- 
duct of the sines of the arcs of great 
circles drawn from any point of the 
curve at right angles with the two 
cyclic ares is constant. 


18. The two theorems (28 


In every spherical conic the pro- 
duct of the sines of the arcs of great 
circles drawn from the two foci at 
right angles with any are touching 
the curve is constant. 


a, second and first columns,) 


respectively lead to the two following : 


A spherical conic and its two 
cyclic ares being given, if one ex- 
tremity of an are of 90° traverse 
either of the two cyclic arcs whilst 
the other extremity moves along 
the conic, this quadrantal are will 
envelope a second spherical conic, 


If from the foci of a spherical 
conic ares be drawn perpendicular 
to the ares touching the curve, their 
respective points of intersection with 
these tangent arcs will be upon a 
second spherical conic, which will 
have a double contact with the given 
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which will have a double contact 
with the given one, and whose foci 
will be the extremities of the radii 
of the sphere perpendicular to the 
planes of the cyclic arcs of the 
given conic. 


19. The two theorems (31 


ON THE GENERAL PROPERTIES 


one, and whose cyclic arcs will be 
in the planes perpendicular to the 
radii of the sphere which pass 
through the two foci of the given 
conic. 


a, second and first columns, ) 


respectively lead to the following : 


A spherical conic and one of its 
cyclic arcs being given, if between 
this arc and the curve, two arcs of 
90° be inserted, and from their 
point of intersection a third qua- 
drantal arc be drawn terminating in 
the are which joins those two ex- 
tremities of the two former ones 
which lie upon the conic, this ex- 
tremity of the third are will fall 
upon the second cyclic are of the 
conic. 


If from a focus of a spherical 
conic two arcs be drawn perpen- 
dicular to two arcs touching the 
curve, and if the feet of the two 
perpendicular arcs be joined by an 
arc of a great circle, the arc drawn 
at right angles with this latter from 
the point of concourse of the two 
tangent arcs will pass through the 
second focus of the curve. 


20. ‘Theorems (32 a,) lead to the following : 


If two spherical conics have the 
same cyclic arcs, and a common 
tangent arc be drawn to them, the 
part of this arc intercepted between 
the two points of contact will be a 
quadrant. 


If two spherical conics which have 
the same foci intersect, they will be 
at right angles to each other at 
each point of intersection. 


SECTION III. 


PROPERTIES OF THE SPHERICAL CONICS RELATING TO A 


SINGLE CYCLIC ARC; AND PROPERTIES RELATING TO A 
SINGLE FOCUS. 


21. If through any point on the surface of a sphere two ares 
of great circles be drawn touching a spherical conic, the are 
of a great circle joining the two points of contact, may be 
called the polar arc of the point with relation to the conic; 
and conversely, this point will be called the pole of its polar 
are. 

From the properties of right lines and polar planes in cones 
of the second degree which have been stated (1 a,) it evidently 
follows, that 

The polar arcs of all the points of any arc of a great 
circle, with relation to a spherical conic, pass all of them 


through the same point, which is the pole of that arc; and 
conversely, 
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The poles of all the arcs of great circles passing through 
the same point, taken with relation to a spherical conic, are 
all of them upon the same arc of a great circle which is the 


polar arc of the fixed point. 


To the polar ares of its foci we give the name of director 


arcs of a spherical conic. 


22. Hence, the two theorems (34, a,) lead to the following : 


In every spherical conic, the sine 
of the angle which each tangent are 
to the curve makes with a cyclic 
arc has a constant ratio to the sine 
of the distance of this tangent arc 
from the pole of the cyclic are. 


In every spherical conic, the ratio 
of the sines of the arcs which measure 
the distances of each point on the 
curve from a focus and from its cor- 
responding director arc is constant. 


23. Theorems (36, a,) lead to the following : 


Every are touching a spherical 
conic, and the are drawn through 
its point of contact and through the 
pole ofa cyclic are of the conic, 
meet that cyclic arc in two points 
the distance between which is 90°. 


The two vector arcs drawn from 
one focus ofa spherical conic to 
any point of the curve and to the 
point where its tangent are at the 
former point meets the director 
arc, are always at right angles. 


24. ‘Theorems (37, a,) lead to the following : 


Two tangent arcs to a spherical 
conic, and the are which joins their 
points of contact with the curve, in- 
tersect the cyclic arc in three points, 
the third of which bisects the dis- 
tance between the first two. 


The vector arcs drawn from a 
focus of a spherical conic to two 
points of the curve make equal 
angles with the vector arc drawn to 
the point of intersection of the two 
arcs touching the conic at those two 
points. 


) 
25. Theorems (38, a,) lead to the following : 


Two tangent arcs to a spherical 
conic, and the arc passing through 
their point of intersection and 
through the pole of a cyclic are, 
meet that are in three points the 
third of which bisects the distance 
between the other two. 


The vector arcs drawn from a 
focus of a spherical conic to two 
points on the curve make equal 
angles with the vector arc drawn 
to the point in which the arc joining 
the two points on the curve meets 
the director are. 


26. ‘Theorems (39, a,) lead to the following : 


The arc passing through the pole 
of a cyclic arc ofa spherical conic, 
and through the point of inter- 
section of two arcs touching the 
curve, and the are passing through 
the two points of contact of these 
tangent arcs, meet the cyclic are in 
two points, the distance between 
which is 90°. 


The two vector arcs drawn from 
one focus of a spherical conic to 
the point of intersection of two arcs 
touching the curve, and to the point 
in which the are passing through 
the two points of contact meets the 
director are, are at right angles, 
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The points in which the are join- 
ing the two points of contact meets 
the cyclic are, and the are which joins 
its pole with the point of concourse 
of the two tangent arcs, are harmonic 
conjugates with relation to the two 
points of contact. 


ON THE GENERAL PROPERTIES 


The two arcs passing through the 
point of concourse of the two tan- 
gent arcs, and passing, the one 
through the focus of the conic, and 
the other through the point in which 
the are which joins the two points 
of contact meets the director are, 
are harmonic conjugates with re- 
lation to the two tangent arcs. 


27. The two theorems (40, a,) lead to the following: 


If through a point assumed upon 
acyclic arc of a spherical conic two 
ares be drawn touching the conic, 
the arc joining the two points of 
contact will meet the cyclic arc in a 
point whose distance from the for- 
mer is 90°. 


If through a focus of a spherical 
conic a transversal arc be drawn, its 
pole with relation to the conic will 
be upon the director arc, and the 
arc drawn from the focus to this 
pole will be perpendicular to the 
transversal arc. 


28. Theorems (41, a,) lead to the following : 


When a spherical quadrilateral is 
inscribed in a spherical conic, the 
portion of a cyclic are of the 
conic included between two ad- 
jacent sides of the quadrilateral is 
supplemental to the arc included be- 
tween the two other sides. 


When a spherical quadrilateral is 
circumscribed about a _ spherical 
conic, the angle between the two 
vector arcs drawn from one focus 
to two adjacent vertices of the 
quadrilateral is supplemental to 
the angle between the two vector 
arcs drawn to the two other ver- 
tices. 


29. Theorems (42, a,) lead to the following : 


If through two fixed points on a 
spherical conic two ares be drawn 
which intersect in any third point 
of the curve, the segment which 
they will intercept upon a cyclic 
are will be of invariable magnitude. 


This segment will be a quadrant, 
if the arc which joins the two fixed 
points passes through the pole of the 
cyclic are. 


Two fixed arcs being drawn 
touching a spherical conic, and any 
third tangent arc intersecting the 
two former in two points, the vector 
arcs drawn from a focus of the conic 
to these two points will contain be- 
tween them a constant angle. 

This angle will be right, if the 
point of concourse of the two fixed 
tangent arcs be upon the director 
are corresponding to the focus. 


30. The two theorems (43, a,) lead to the following : 


If through the two vertices which 
are at the extremities of the least dia- 
metral arc of a spherical ellipse two 
ares be drawn intersecting in any 
third point of the curve, the segment 
intercepted between these two arcs 
upon acyclic arc will be a quadrant. 


Every are touching a spherical 
conic cuts the arcs touching the 
curve at the two vertices which 
are at the extremities of its greatest 
diametral are in two points such 
that the two vector ares drawn from 
a focus to these two points are at 
right angles. 
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31. Theorems (44, a,) lead to the following : 


If upon a cyclic are of a spherical 
conic a segment of given magnitude 
be arbitrarily assumed, and through 
one of its extremities and a fixed 
point of the curve an are be drawn 
meeting the curve ina second point, 
the are drawn through this second 
point and through the other extre- 
mity of the segment will pass through 
a fixed point on the conic. 


If round a focus ofa spherical 
conic, as vertex, a spherical angle of 
invariable magnitude be made to 
turn,and through the point where one 
of its sides meets a fixed are touch. 
ing the curve, a second tangent are 
be drawn, this arc will meet the 
second side of the angle in a point 
the geometric locus of which will 
be an arc touching the conic. 


32. Theorems (45, a,) lead to the following : 


If through a point assumed arbi- 
trarily on a cyclic are of a spherical 
conic two arcs be drawn touching 
the curve, the sum of the trigono- 
metric co-tangents of the angles 
which they make with the cyclic are 
will be constant. 


If through a focus of a spherical 
conic an arc be drawn arbitrarily 
meeting it in two points, the sum of 
the trigonometric co-tangents of the 
ares lying between the foci and 
these two points will be constant. 


SECTION IV. 


GEOMETRIC LOCI RELATING TO THE CYCLIC ARCS AND TO 
THE FOCI OF THE SPHERICAL CONICS. 


33. Theorems (46 a,) lead to the following : 
> 


If the sides of a spherical angle 
of variable magnitude pass always 
through two fixed points on the sur- 
face of a sphere, whilst the segment 
intercepted between its sides upon 
an are of a given great circle is of 
a constant length, the vertex of this 
angle will generate a spherical conic 
which will have the fixed are for a 
cyclic arc, and which will pass 
through the two fixed points. 


Two fixed ares and a point being 
given on a sphere, if round this 
point as vertex a spherical angle of 
Invariable magnitude be made to 
turn, and if the two points in which 
its sides respectively meet the two 
fixed ares be joined by an arc ofa 
great circle, this are will envelope a 
spherical conic which will have the 
fixed point for a focus, and which 
will touch the two fixed arcs. 


34. Theorems (47 a,) lead to the following : 


If two tangent arcs be drawn toa 
spherical conic so that the segment 
intercepted between them upon a 
cyclic arc of the conic may be ofa 


If an angle of invariable magni- 
tude be made to turn round a focus 
of aspherical conic as vertex, the are 
joining the two points in which its 
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constant length, the geometric locus 
of the point of concourse of these 
two arcs will be a second spherical 
conic. 

The are joining the two points 
of contact of these two arcs with the 
given conic will envelope a third 
conic. 

The cyclic are in question will be 
a cyclic are of the two new conics, 
and this arc will have the same pole 
with relation to the three conics. 
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sides meet the curve will envelope 
a second conic. 


The tangent arcs to the given 
conic at these two points will inter- 
sect upon a third conic. 


The focus in question will also be 
a focus of the two new conics, and 
the corresponding director are will 
be the same in the three conics. 


35. Theorems (48, a,) lead to the following : 


If round a fixed point assumed on 
a spherical conic a spherical angle 
of variable magnitude be made to 
turn, whose sides intercept upon a 
cyclic arc of the curve a segment of 
a constant length, the arc joming the 
two points in which the sides of this 
angle meet the conic will envelope 
a second conic; the cyclic arc upon 
which the segments are measured 
will be a cyclic are of the new conic, 
and it will have the same pole in 
the two curves. 


If round a focus of a spherical 
conic as vertex a spherical angle of 
invariable magnitude be to turn, 
and through the two points in which 
its sides meet a fixed are touching 
the conic two arcs be drawn touch- 
ing the curve, the point of concourse 
of these two arcs will generate a 
second conic; the focus of the 
given conic will also be a focus of 
the new conic, and the corresponding 
director arc will be the same in the 
two curves. 


36. Theorems (49, a,) lead to the following : 


A spherical conic and a fixed are 
arbitrarily drawn being given, if 
two tangent arcs to the conic be 
drawn so that the segment inter- 
cepted between them on the given 
arc may be a quadrant, the point of 
concourse of these two arcs will 
generate a second conic which will 
have the given are for a cyclic arc. 


This are will have the same pole 
in the two conics. 

37. If the fixed arc be one of the 
principal diametral ares of the conic, 
the theorem may be thus stated : 

If a variable spherical angle, cir- 
cumscribed about a spherical conic, 
move so that the segment inter- 
cepted between its sides upon a 
principal diametral arc of the conic 
may always be a quadrant, the 
vertex of this angle will generate a 
small circle of the sphere. 


A’spherical conic and a fixed point 
arbitrarily assumed on the sphere 
being given, if round this point as 
vertex a right spherical angle be 
made to turn, and if the points in 
which its sides meet the conic, taken 
two by two, be joined by four ares, 
these four arcs will envelope a 
second conic of which the fixed point 
will be a focus. 

This point will have the same 
polar arc in the two curves. 

If the fixed point be the centre 
of the conic, the theorem may be thus 
stated : 

If a right spherical angle turn 
round the centre of a spherical conic 
as vertex, the arc joining the points 
in which its two sides meet the 


curve will envelope a small circle of 
the sphere. 
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This is also a consequence from the two theorems (50, a.) 


38. The two theorems (51, a,) lead to the following : 


If round two fixed points on a 
spherical conic two arcs be made to 
turn intersecting in any third point 
of the curve, these arcs will re- 
spectively meet the two cyclic arcs 
of the conic in two points, and the 
are joining these two points will 
envelope a spherical conic touching 
these two cyclic arcs. 


Two fixed tangent arcs being drawn 
to a spherical conic, any third tan- 
gent arc will intersect them in two 
points, and the arcs respectively 
drawn through these points and 
through the two foci of the 
conic will intersect in a point the 
geometric locus of which will be a 
spherical conic passing through the 
two foci of the given one. 


39. Theorems (52, a,) lead to the following : 


If round two fixed points two 
arcs be made to turn, containing be- 
tween them a right angle, their 
point of intersection will generate a 
spherical conic passing through the 
two fixed points, and whose cyclic 
arcs will be in the two planes per- 
pendicular to the radii of the sphere 
drawn to the two fixed points. 


If the extremities of an arc of 90° 
move along the sides of any given 
spherical angle, this moveable arc 
will envelope a spherical conic which 
will touch the two sides of the angle, 
and whose foci will be the extremi- 
ties of the radii of the sphere per- 
pendicular to the planes of these 
sides. 


40. Theorems (53, a,) lead to the following: 


Two fixed arcs being given upon 
a sphere, if a point be sought such 
that the product of the sines of its 
distances from the two fixed arcs 
may be constant, the geometric 
locus of this point will be a spheri- 
cal conic whose cyclic arcs will be 
the two given arcs. 


41. Theorems (54, a,) lead to 


An are and a point being given 
upon a sphere, if an are be sought 
such that the sine of the angle which 
it makes with the given arc, and the 
sine of its distance from the given 
point, may have a constant ratio, 
this are will envelope a conic which 
will have the given are for a cyclic 
are ; and the given point will be, with 
relation to this conic, the pole of 
that eyclic are. 


Two fixed points being given upon 
a sphere, if an arc be drawn such 
that the product of the sines of its 
distances from these two points 
may be constant, this are will 
envelope a spherical conic whose 
foci will be the two given points. 


the following : 


A point and an arc being given 
upon a sphere, if a point be sought 
such that the sines of its distances 
from the given point and arc may 
have a constant ratio, the geometric 
locus of this point will be a conic of 
which the given point will bea focus; 
and the given are will be the 
director are corresponding to that 
focus. 


42. If in the second theorem the ratio of the sines be one 
of equality, we infer from it, that 
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The spherical curve every point of which is equi-distant 
Jrom a given point and from a given arc of a great circle is 
a conic having this point and arc for a focus and its cor- 


responding director arc. 


SECTION V. 


PROBLEMS RELATING TO THE CYCLIC ARCS AND TO THE 


FOCI OF THE SPHERICAL CONICS; 


AND GENERAL PRO- 


PERTIES OF SPHERICAL TRIANGLES AND QUADRILATE- 


RALS. 


43. When a cyclic are of a sphe- 
rical conic is given, only three other 
conditions are required in order to 
determine the curve. 


When a focus of a spherical conic 
is given, only three other conditions 
are required in order to determine 
the. curve. 


This is a consequence of what we have said with reference 
to cones of the second degree (56, a.) 


44, Theorems (57, a,) lead to the following : 


A cyclic are and two points of a 
spherical conic being given, the 
pole of this cyclic are lies upon the 
are which passes through the two 
following points: 


1. The point which is, with rela- 
tion to the two given poiuts, the 
harmonic conjugate of that in which 
the arc joining these two points 
meets the given cyclic are. 


2. The point on the cyclic are 
which is 90° distant from that in 
which this are meets the arc joining 
the two given points. 


A focus and two tangent arcs to 
a spherical conic being given, the 
director arc corresponding to that 
focus passes through the point of 
intersection of the two following 
ares : 

1. The are which passes through 
the point of concourse of the two 
given tangents, and which is the 
harmonic conjugate, with relation 
to these two ares, of the arc drawn 
through this point of concourse and 
through the given focus. 

2. The arc drawn through this 
focus perpendicular to this latter 
arc joining the focus with the point 
of concourse of the two tangent arcs. 


45. Theorems (58, a,) lead to the following : 


A cyclic are and two tangent arcs 
to a spherical conic being given, 

The pole of that cyclic are lies 
upon the are drawn through the 
point of concourse of the two tan- 
gent arcs and through the middle 
of the arc (or the supplement of 
the arc) intercepted upon this cyclic 


A focus and two points on a 
spherical conic being given, 

The director are corresponding 
to that focus passes through the 
point in which the arc joining the 
two given points meets the vector 
are which bisects the angle (or the 
supplement of the angle) contained 
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are between the two given tangent between the two vector ares drawn 


arcs. 


from the given focus to the two 
points on the conic. 


46. The two theorems (44,) respectively contain the so- 
lutions of the two following problems : 


Problem.—Given three points and 
a cyclic are ofaspherical conic, to 


Problem.—Given three tangent 
arcs and a focus of a spherical conic, 


determine the pole of this cyclic to determine the director arc corres- 


arc. 


ponding to this focus. 


47. The two theorems (45,) in like manner enable us to 
resolve the two following problems, each of which admits of 


four solutions: 


Problem.—Given three tangent 
arcs and a cyclic are of a spherical 
conic, to determine the pole of this 
cyclic are. 


Problem.—Given three tangent 
arcs and a focus of a spherical conic, 


to determine the director arc cor- 
responding to that focus. 


48. We have just seen (46,) that 


A spherical triangle being given, 
and also any arc of a great circle, 
this are may be considered as.a cyclic 
are of a spherical conic passing 
through the three vertices of the 
triangle. 


A spherical triangle being given, 
and also a fixed point upon the 
sphere, this point may be considered 
as the focus of a spherical conic 
touching the three sides of the tri- 
angle. 


This remark will aid us in the proof of some general pro- 
perties of spherical triangles and quadrilaterals. 


49. Theorems (13,) lead, as appears from what we have 
just said, to the two following properties of spherical triangles: 


If a spherical triangle and a trans- 
versal arc be given, and upon each 
side of the triangle a point be as- 
sumed whose distance from one ex- 
tremity of that side is equal to the 
distance of the other extremity 
from the point in which the trans- 
_ versal arc meets the side, the three 
points thus determined upon the 
three sides of the triangle will lie 
upon the same are of a great 
circle. 


A spherical triangle being given, 
if through a fixed point an are be 
drawn to each vertex of the triangle, 
and through that vertex a second 
arc be drawn which makes with one 
of the adjacent sides of the triangle 
an angle equal to that which the 
first arc makes with the other side, 
the three ares thus drawn will pass 
through the same point. 
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This are and the given transversal 
are will be the cyclic arcs of a conic 
circumscribed about the spherical 
triangle. — 

50. This theorem furnishes the 
solution of the following 

Problem.—Given three points 
and acyclic are of a spherical conic, 
to determine the second cyclic are 
of this curve. 


This point and the given point 
will be the foci of a spherical conic 
inscribed in the given triangle. 


This theorem furnishes the so- 
lution of the following 
Problem.—Given three tangent 


-arcs and a focus of a spherical conic, 


to determine the second focus of 
this curve. 


51. Theorems (18) lead to the two following properties of 


spherical triangles : 


A spherical triangle and a trans- 
versal are being given, if upon this 
arc three points be assumed which 
arerespectively distant by 90° from 
the three vertices of the triangle, and 
these points be connected with the 
three vertices by three arcs, ifwe now 
describe a conic touching these last 
three arcs and having for its focus 
the extremity of the radius of the 
sphere perpendicular to the plane of 
the given transversal arc, and 
through the vertices of the given 
triangle draw three new arcs touch- 
ing this conic, and if we assume 
upon these arcs three points res- 
pectively distant by 90° from the 
vertices, these three points will be 
upon the same are of a great circle. 

This arc will be in the plane per- 
pendicular to the radius of the 
sphere drawn to the second focus of 
the conic. 


52. Theorems (19) lead to 
of spherical triangles : 


A triangle and an are ofa great 
circle being traced upon a sphere, 
if through each vertex of the tri- 
angle an are of 90° be drawn termi- 
nated by the given arc, the three 
ares thus drawn will form a second 
spherical triangle; if through the 
vertices of this new triangle three 
arcs of 90° be drawn, respectively 
terminated by the three opposite 
sides of the first triangle, the ex- 
tremities of these three arcs will lie 
upon the same arc of a great circle. 


If from a point assumed arbi- 
trarily upon a sphere three arcs be 
drawn perpendicular to the three 
sides of a spherical triangle, and 
through the feet of these perpen- 
diculars a spherical conic be made 
to pass, which has for a cyclic are 
the great circle contained in the 
plane perpendicular to the radius of 
the sphere drawn to the given point, 
this conic will meet the three sides 
of the triangle in three new points 
such that the arcs drawn through 
these points and respectively perpen- 
dicular to the three sides will pass 
through the same point. 


This point will be the extremity of 
the radius perpendicular to the 
plane of the second cyclic are of the 
conic. 


the two following properties 


If from a point assumed upon a 
sphere arcs be drawn perpendicular 
to the three sides of a spherical tri- 
angle, their feet will be the three 
vertices of a new triangle inscribed 
in the first ; and if from the ver- 
tices of the first triangle arcs be 
drawn respectively perpendicular to 
the opposite sides of the second tri- 
angle, these three arcs will pass 
through the same point. 
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53. The two theorems (67 a,) lead to the following : 


If about a spherical conic any 
number of spherical triangles be 
circumscribed, and as many spheri- 
cal conics be circumscribed about 
these triangles, having all of them 
for a common cyclic are a fixed 
tangent arc to the given conic, all 
these curves will pass through the 
same point. 


If in a spherical conic any num- 
ber of spherical triangles be in- 
scribed, and as many spherical co- 
nics be inscribed in these triangles, 
having all of them for a common 
focus, a fixed point on the given 
conic, all these curves will touch 
the same are of a great circle. | 


54. From the two theorems (68 a,) we deduce the fol- 


lowing : 


A spherical conic being given, if 
any spherical triangle be circum- 
scribed about it, and if upon a fixed 
arc touching the conic three points 
be assumed such that the ares res- 
pectively drawn from these points 
to the three vertices ofthe triangle 
may be quadrants; and if we fur- 
ther suppose a conic to be described 
touching these three ares, and hay- 
ing for its focus the extremity of 
the radius of the sphere perpendicu- 
lar to the plane of the fixed are, this 
new conic will always touch the 
same arc of a great circle, whatever 
be the triangle circumscribed about 
the given conic. 


If from a fixed point assumed 
upon a spherical conic, three arcs 
be drawn perpendicular to the sides 
of a spherical triangle inscribed in 
the conic, and if through the feet of 
these perpendiculars a_ spherical 
conic be made to pass, having for 
a cyclic arc the are of a great 
circle lying in the plane perpendi- 
cular to the radius of the sphere 
drawn to the fixed point on the 
given conic, this new conic will al- 
ways pass through a fixed point, 
whatever be the triangle inscribed 
in the given conic. 


55. The two theorems (69 a,) lead to the two following 
general properties of spherical quadrilaterals : 


A spherical quadrilateral being 
given, its sides, taken three by three, 
will form four triangles ; if through 
the vertices of each of these tri- 
angles three quadrantal arcs be 
drawn, terminated by the same 
given are of a great circle, and if a 
conic be described, touching these 
three arcs, and having for a focus 
the extremity of the radius of the 
sphere perpendicular to the plane 
of the given great circle, the four 
conics thus determined will all 
touch the same are of a great 
circle. | 


A spherical quadrilateral being 
given, its four vertices, taken three 
by three, will determine four tri- 
angles ; if from a fixed point arcs be 
drawn perpendicular to the three 
sides of each of these triangles, 
and if through the three points in 
which these arcs respectively meet 
the sides, a spherical conic be made 
to pass, having one of its cyclic 
arcs in the plane perpendicular to 
the radius of the sphere which is 
drawn to the given fixed point, the 
four conics thus determined will all 
pass through the same point. 


ON THE GENERAL PROPERTIES 


SECTION VI. 


ORGANIC DESCRIPTION OF THE SPHERICAL CONICS. 


56. The two theorems (71 a,) relating to the description of 
the cones of the second degree, respectively lead to the two 


following : 


If any two spherical angles, each 
of invariable magnitude, turn round 
two fixed points as vertices, so that 
two of their sides intersect on a 
given fixed are, the point of inter- 
section of their two other sides will 
generate a spherical conic which 
will pass through the two fixed ver- 
tices of the moveable angles. 


If along two given fixed ares any 
two segments, each of invariable 
magnitude, be made to move, 
so that the are joining two of 
their extremities may turn round 
a fixed point, the arc joining their 
two other extremities will envelope 
a conic which will touch the two 
fixed arcs along which the two seg- 
ments move. 


The first of these two theorems is exactly analogous to that 
of Newton, relative to the organic description of the plane 


conic sections. 


57. Problem.—Given five points 
of a spherical conic, to determine all 
the other points of the curve by the 
movement of two spherical angles 
round their vertices. 


Let a, B, c, D, £, be the five 
given points ; let us take the first 
two a, B, for the vertices of the 
two moveable angles, and these 
angles will be (caB), (CBA). 


Now let these angles be turned 
round their vertices a, B, so that 
their sides ca, cB, may pass at the 
same time through the point p, and 
again through the point £; their 
two other sides, which originally 
coincided with the arc as, will suc- 
cessively intersect in two points 
D’,E. 


Problem.—Given five tangent 
arcs toa spherical conic, to deter- 
mine all the other tangent ares of 
the curve by the movement of two 
arcs along the circumferences of 
two great circles. 

- Let a, B, Cc, D, E, be the five 
given arcs; let us take the circum- 
ferences of the great circles to which 
the first two, a, B, belong, for those 
along which the two moveable ares 
are to be measured ; the thirdare c, 
produced if necessary, will meet the 
Jirst two- a, 8B, in two points, and 
the arcs included between these two 
points and the point of intersection 
of a and Bwill be the two moveable 
ares. 

Now let these two arcs be moved 
along their circumferences, so that 
their extremities, which before were 
placed upon the are c, may be upon 
the arc p, and again upon the are 
E; their two other  extremities,. 
which originally coincided with the 
point of intersection of the two ares 
A, B, will successively determine two 
ares Dy E’. 
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Let the point of intersection of 
the same two sides traverse the arc 
of a great circle determined by 
the two points v',£’; the point of 
intersection of the two other sides 
will generate the required conic, as 
appears from the preceding theo- 
rem. 
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Let the are joining the same two 
extremities turn round the point of 
intersection of these two arcs v’, ¥' ; 
the are joining the two other ex- 
tremities of the two moveable arcs 
will envelope the required conic, as 
appears from the preceding theo- 
rem. 


SECTION VII. 


PROPERTIES OF THE PLANE CONIC SECTIONS DEDUCED AS 


CONSEQUENCES FROM THOSE OF THE SPHERICAL CONICS. 


58. We have stated (8), that from the propositions relative 
to the spherical conics, contained in this memoir, we might 
deduce a very great number of the properties of the foci of 
the plane conic sections, and some properties of the asymp- 
totes of the hyperbola. 

For this purpose, it is sufficient to suppose that the centre of 
the sphere recedes to an infinite distance upon the radius which 
passes through the centre of the spherical conic. ‘This curve 
will degenerate into a plane conic which will be an ellipse or 
a hyperbola; and the properties of the foci of the spherical 
conics will become those of the plane conics. 

In the case where the conic becomes a hyperbola, the cyclic 
ares will become'two fixed right lines drawn through the centre 
of the curve; and the properties of the eyclic ares will apply 
to these two right lines, which each of these properties leads 
us to recognize as the asymptotes of the hyperbola. 

59. We shall state the various theorems which may be de- 
duced in this way from the properties of the spherical conics ; 
at the end of each we shall refer to the number of the theorem 
from which it is a consequence. First, we shall give those 
which relate to the foci, and afterwards those which relate to 
the asymptotes. 

These two classes of theorems which are thus found to have 
a common origin, present a remarkable connexion between the 
properties of the foci and those of the asymptotes ; properties 
so different both in their statement and in the proofs usually 
given of them. When discussing the new properties of the 
conic sections of which we have spoken (8), we mean to shew 
how close a relation subsists in other respects between the foci 
of the conic sections and the asymptotes of the hyperbola. 
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ib, 


GENERAL PROPERTIES OF THE TWO FOCI OF THE PLANE CO- 
NIC SECTIONS CONSIDERED SIMULTANEOUSLY. 


1. The radii vectores drawn from the two foci to any point 
of the conic section make equal angles with the tangent at that 
point (11). 

2. Conversely: If a curve be such that the radii vectores 
drawn from two fixed points to each point on it make equal 
angles with the tangent at that point, the curve is a conic 
section (12). 

3. The two radii vectores drawn from the two foci of a conic 
section to the point of concourse of two tangents respectively 
make equal angles with those tangents (13). 

4. The four radii vectores drawn from the two foci of a conic 
section to any two points on it are tangents to the same circle, 
whose centre is the point of concourse of the tangents to the 
conic section at those two points (14). 

5. Thesum or the difference of the two radii vectores drawn 
from the two foci of a conic section to any point on it is con 
stant (15). ; 

6. The product of the trigonometric tangents of the semi- 
angles, which the two radii vectores, drawn from the two 
foci of the conic section to any point on it, make with its major 
axis, is constant (16). 

7. The rectangle under the perpendiculars let fall from the 
two foci of a conic section on each tangent to the curve is con- 
stant (17). 

8. The locus of the feet of the perpendiculars, let fall from the 
two foci of a conic section upon its tangents, is a circle (18). 

9. If from a focus of a conic section perpendiculars be let fall 
upon two tangents to the curve, and ifa right line be drawn 
joining their feet, the perpendicular drawn to this right line from 
the point of concourse of the two tangents will pass through 
the second focus of the curve (19). 

10. If two conic sections which have the same foci cut one 
another, they are at right angles to each other at each point 
of intersection (20). 


II. 


PROPERTIES OF THE PLANE CONIC SECTIONS RELATING TOA 
SINGLE FOCUS. 


1. The ratio of the distances of each point on a conic sec- 
tion from a focus and from the corresponding directrix is 
constant (22). 
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2. The radii vectores drawn from a focus of a conic sec- 
tion to a point on the curve, and to the point where the tangent 
at that former point meets the directrix, are at right 
angles (23). 

3. The radii vectores drawn from a focus of a conic section 
to two points on the curve make equal angles with the radius 
vector drawn to the point of concourse of the two tangents at 
those points (24). . 

4. The two radii vectores, drawn from a focus of a conic 
section to two points on the curve, make equal angles with 
the radius vector drawn to the point in which the chord join- 
ing the two points on the curve meets the directrix (25). 

5. The radius vector drawn from a focus of a conic sec- 
tion to the point of concourse of two tangents to the curve, 
and the radius vector drawn to the point in which the chord 
joining the two points of contact meets the directrix, are at 
right angles. 

The two right lines drawn through the point of concourse 
of the two tangents, and passing, the one through the focus, 
and the other through the point in which the chord joining 
the two points of contact meets the directrix, are harmonic 
conjugates with relation to the two tangents (26). 

6. Ifa transversal be drawn through the focus of a conic 
section, its pole, with relation to the curve, will be upon the 
directrix, and the radius vector drawn from the focus to this 
pole will be perpendicular to the transversal (27). 

7. When a quadrilateral is circumscribed about a conic sec- 
tion, two opposite sides of the quadrilateral subtend at either 
focus two angles supplemental one to the other (28). 

8. ‘lwo fixed tangents being drawn to a conic section, the 
part of another moveable tangent intercepted between the two 
former ones will subtend at either focus an angle of invariable 
magnitude. 

This angle will be right, if the point of concourse of the 
two fixed tangents be upon the directrix (29). 

9. The portion of any tangent of a conic section intercepted 
between the two tangents drawn at the extremities of the 
major axis subtends a right angle at either focus (30). 

10. A conic section and a fixed tangent to it being given, 
if round either focus, as vertex, an angle of invariable magni- 
tude be made to turn, and through the point in which one of 
its sides meets the fixed tangent we draw a second tangent to 
the curve, this second tangent will meet the second side of 
the angle in a point, the geometric locus of which will bea 
tangent to the conic section (31). 

11. Any chord of a conic section passing through a focus 
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is divided at that point into two parts the sum of the reci- 
procals of which is constant (32). 


If. 


GEOMETRIC LOCI RELATING TO THE FOCI OF THE PLANE 
CONIC SECTIONS. 


1. Ifan angle of invariable magnitude be made to turn 
round a fixed point as vertex, and ifa right line be drawn 
joining the two points in which its two sides respectively meet 
two given right lines, this right line will envelope a conic sec- 
tion whose focus will be the vertex of the moveable angle, 
and which will touch the two given right lines (33). 

2. If an angle of invariable magnitude be made to turn 
round the focus of a conic section.as vertex, the chord which 
it will subtend will envelope a second conic section. 

The tangents to the given conic section at the extremities 
of this chord will intersect in a point the geometric locus of 
which will be a third conic section. 

These two new conic sections will have the same focus as 
the given conic section, and the same corresponding direc- 
trix (34). 

3. If an angle ‘of given magnitude be made to turn round 
the focus of a conic section as vertex, and through the points 
in which its sides meet a tangent to the curve, two new tan- 
gents be drawn, their point of concourse will generate a 
second conic section, of which the fixed vertex of the moveable 
angle will be a focus, and the corresponding directrix will be 
that of the given conic section (35). 

4. Ifin the plane of a conic section a right angle be made 
to turn round a fixed point as vertex, the chord subtended in 
the conic section by the sides of this angle will envelope a 
second conic section, one of whose foci will be at the fixed 
point, and the corresponding directrix will be the polar of this 
point with relation to the given conic section (36). 

If the vertex of the moveable angle be the centre of the 
given conic section, the second conic section will be a circle(37). 

5. A conic section and two fixed tangents being given, if 
any third tangent be drawn, and through the points in which 
it meets the two fixed tangents, two right lines be drawn 
respectively passing through the two foci of the curve, these 
two right lines will intersect in a point, the geometric locus 
of which will be a conic section passing through the two foci 
of the given one (38). 
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6. Two fixed points being given, if a right line be drawn, 
such that the rectangle under its distances from the two given 
fixed points shall be constant, this right line, and all the 
others determined in like manner, will envelope a conic sec- 
tion whose foci will be the two fixed points (40). 

7. A point and a right line being given, the geometric locus 
of a point whose distances from the given point and right line 
are to each other in a constant ratio, isa conic section in which 
the given point is a focus, and the given right line is the cor- 
responding’ directrix (41). 


IV. 


PROBLEMS RELATING TO THE FOCI OF THE PLANE CONIC 
SECTIONS, AND GENERAL PROPERTIES OF PLANE TRIANGLES 
AND QUDRILATERALS. 


1. When one of the foci ofa conic section is given, only 
three other conditions are required to determine this curve. 
(43). 

A A focus and two tangents of a conic section being given, 
the directrix corresponding to that focus passes through the 
point of intersection of the two following right lines : 

_a. The right line which passes through the point of con- 
course of the two given tangents, and is the harmonic conju- 
gate, with relation to these two tangents, of the right line drawn 
from this point of concourse to the focus of the curve: 

6. The right line drawn through the focus perpendicular 
to the right line joining this focus with the point of concourse 
of the two given tangents (44). 

3. A focus and two points on a conic section being given, 
the directrix corresponding to that focus passes through the 
point in which the right line joining the two given points meets 
the right line which bisects the angle, or the supplement of 
the angle, contained between the two radii vectores drawn from 
the focus to the two given points (45). 

4. The last theorem but one furnishes the solution of the 
following problem : 

Given three tangents and one of the foci of a conic sec- 
tion, to determine the directrix corresponding to that focus. 

5. The last theorem enables us to resolve the following 
problem, which admits of four solutions : 

Given three points and one of the foci of a conic section, to - 
determine the directrix corresponding to that focus. 

6. Three right lines being drawn from a fixed point to the 
three vertices of a triangle, if through each vertex a new right 
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line be drawn, making with one of the two sides adjacent to 
that vertex an angle equal to that which the former right 
line makes with the other side, the three right lines thus 
drawn will pass through the same point. 

This point and that from which the three former right lines 
were drawn, will be the foci of a conic section inscribed in the 
given triangle (49). 

7. This theorem furnishes a solution of the following prob- 
lem: 

Given three tangents and one of the foci of a conic section, 
to determine the other focus. 

8. If from a point assumed arbitrarily in the plane of a tri- 
angle three perpendiculars be let fall upon its sides, and a circle 
be described passing through their feet, the perpendiculars 
drawn to the sides of the triangle at the three new points in 
which this circle meets them, will all pass through the same 
point (51). 

9. If from a point assumed in the plane of a triangle three 
perpendiculars be let fall upon its sides, their feet will be the 
vertices of a second. triangle inscribed in the former; and if 
through the vertices of the first triangle right lines be drawn 
respectively perpendicular to the opposite sides of the second, 
these three right lines will pass through the same point (52). 

The feet of the perpendiculars let fall from this new point 
upon the sides of the given triangle, and those of the three 
former perpendiculars, will be six points lying on the cireum- 
ference of the same circle. 

10. If any number of triangles be inscribed in a conic sec- 
tion, and as many conic sections be again inscribed in these 
triangles, having all of them for their common focus a fixed 
point on the given conic section, all these curves will touch 
the same right line (53). 

11. If from a point assumed upon a conic section perpen- 
diculars be let fall upon the sides of a triangle inscribed in the 
conic section, the circle described through the feet of these per- 
pendiculars will pass through a fixed point, whatever be the 
triangle inscribed in the conic section (54). 

12. The four vertices of a quadrilateral, taken three by 
three, determine four triangles ; if from any point perpendicu- 
lars be let fall upon the sides of each triangle, and a circle be 
described passing through their feet, the four circles thus deter- 
mined will pass through the same point (55). 
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V. 


PROPERTIES OF THE TWO ASYMPTOTES OF THE HYPERBOLA 
CONSIDERED SIMULTANEOUSLY. 


1. Every tangent to a hyperbola meets the asymptotes in 
two points, which are equally distant from the point of 
contact (11). 

2. Conversely : If a curve be such that the portion of each 
tangent intercepted between two given right lines is bisected 
at the point of contact, this curve is a hyperbola whose asymp- 
totes are the two given right lines (12). 

3. The portions of any secant intercepted between the 
hyperbola and its asymptotes are equal (13). 

4. Every tangent to a hyperbola meets the asymptotes in 
two points, the rectangle under the distances of which from 
the centre of the curve is constant (16). 

5. In every hyperbola the rectangle under the distances of 
any point on the curve from the two asymptotes is con- 
stant (17). 


We 


PROPERTIES OF THE HYPERBOLA RELATING TO A SINGLE 
ASYMPTOTE. 


1. Two tangents to a hyperbola, and the right line joining 
the points of contact, meet an asymptote in three points, 
the third of which bisects the distance between the first 
two (24). 

2. If the two sides of a variable angle, whose vertex tra- 
verses a hyperbola, pass through two fixed points on the 
curve, the segment intercepted between the sides of this 
angle upon an asymptote will be of a constant length (29). 

3. If on either asymptote of a hyperbola a portion of given 
length be arbitrarily assumed, and through one of its extre- 
mities and a fixed point on the curve a right line be drawn 
meeting the curve in a second point, the right line joining 
this second point with the second extremity of the portion 
assumed on the asymptote will turn round a fixed point on 
the hyperbola (31). 
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VII. 


GEOMETRIC LOCI RELATING TO THE ASYMPTOTES OF THE 
HYPERBOLA. 


1. If the two sides of an angle of variable magnitude pass 
always through two fixed points, and intercept upon a given 
right line a segment of a constant length, the vertex of this 
angle will generate a hyperbola, which will pass through the 
two fixed points, and which will have the given right line for 
an asymptote (33). 

2. If two tangents to a hyperbola intercept between them 
on one of the asymptotes a segment of a constant length, the 
geometric locus of their point of concourse will be a second 
hyperbola. 

The chord joining the two points of contact will envelope 
a third hyperbola. 

The asymptote on which are measured the segments inter- 
cepted between the tangents will be an asymptote of the two 
new hyperbolas (34). 

3. If an angle of variable magnitude be made to turn round 
a fixed point on a hyperbolaas vertex, intercepting on an asymp- 
tote a segment of a constant length, the chord subtended by 
this angle will envelope a second hyperbola, to which the 
right line on which the intercepted segments are measured 
will also be an asymptote (35). 

4. Ifthe sides of a variable angle pass always through two 
fixed points on a hyperbola, whilst its vertex traverses the 
curve, the sides of this angle will respectively meet the two 
asymptotes in two points, and the right line joining these two 
points will envelope a conic section touching the two asymp- 
totes of the hyperbola (38). 

5. Two right lines being given, the geometric locus of the 
point, the rectangle under whose distances from the two right 
lines is constant, will be a hyperbola of which the two right 
lines are the asymptotes (40). 


VIII. 
GEOMETRIC LOCI RELATING TO ANY CONIC SECTIONS. 


The first three of the five preceding theorems give rise 
to new theorems, by means of the method of transforming geo- 
metrical relations which we have explained in a preceding 
Memoir; these theorems, which relate to any conic section, 
are the following : 
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‘1. If an angle of variable magnitude be made to turn 
round a fixed point as vertex, so that the segment which it in- 
tercepts upon a fixed axis may be of a constant length, the 
right line joining the two points in which the sides of this 
angle respectively meet two given right lines will envelope a 
conic section, which will touch these two right lines, and which 
will pass through the vertex of the moveable angle. 

** ‘The tangent to the curve at this point will be parallel to 
the axis on a the segments are measured.” | 

This proposition furnishes the solution of the following 
problem : 

** Given four tangents to a conic section, and the point of 
contact of one of these tangents, to determine all the other tan- 
gents of the curve, by the continued movement of a segment of 
a constant length along a fixed right line.” 

*¢2. If an angle of variable magnitude be made to turn 
round a point ona conic section as vertex, so that the segment 
which it intercepts upon a fixed axis parallel to the tangent 
at that point shall be ofa constant length, the chord subtended 
by this angle in the conic section will envelope a second conic 
section. 

‘¢ The point of concourse of the two tangents to the first 
conic section at the extremities of this chord will generate a 
third conic section. 

‘¢ These two new curves will touch the given one at the 
vertex of the moveable angle.” 

*¢ 3. If an angle of variable magnitude be made to turn 
round a fixed point on a conic section as vertex, whilst its 
sides intercept a segment of a constant lenyth upon a parallel 
to the right line touching the curve at that point, and if 
through the points in which the sides of this angle meet a 
fixed tangent to the curve two new tangents be drawn, their 
point of concourse will generate a conic section, which will 
touch the given one at the vertex of the moveable angle.” 


|, 


PROBLEM RELATING TO THE ASYMPTOTES OF THE HYPER- 
BOLA, AND GENERAL PROPERTIES OF TRIANGLES. 


1. One of the asymptotes of a hyperbola being given, only 
three other conditions are required to determine the curve (43). 
2. If any transversal be drawn in the plane of a triangle, 
and on each side a point be assumed, whose distance from 
one of the two extremities of that side is equal to the distance 
of the other extremity from the point in which the transversal 
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meets that side, the three points thus assumed will be in the 
same right line (49). 

3. This theorem furnishes the solution of the following 
problem : 

Given three points and one of the asymptotes of a hyperbola, 
to find the second asymptote. 

4, If any number of triangles be circumscribed about a hy- 
perbola, and if we conceive as many hyperbolas to be circum- 
scribed about these triangles, having all of them a tangent of 
the given hyperbola for their common asymptote, all these 
curves will pass through the same point (53). 

5. By means of the method of transforming geometrical re- 
lations which we have already employed (No. VIII. in this 
section) the preceding theorem (2) gives rise to the following 

eneral property of triangles : 

‘‘ If through each vertex of a triangle two right lines be 
drawn, of which the first passes through a given fixed point, 
and the second is such that the angles, which these two right 
lines respectively make with the two sides of the triangle ad- 
jacent to the vertex, intercept equal segments upon a fixed 
transversal, the three right lines thus determined will pass 
through the same point.” 


X. 
ORGANIC DESCRIPTION OF THE PLANE CONIC SECTIONS, 


The two theorems (56) relative to the description of the 
spherical conics lead to the two following : 

1. Iftwo angles of given magnitudes turn round two fixed 
points as vertices, so that the point of concourse of two of their 
sides traverses a right line, the point of concourse of their two 
other sides will generate a conic section, which will pass through 
the two fixed points. 

2. If along two fixed right lines two segments of given 
lengths be made to move, so that two of their extremities are 
always in the same right line with a fixed point, the right 
line joining their two other extremities will envelope a conic 
section, which will touch the two fixed right lines. 

The first of these two theorems is that of Newton, and en- 
ables us to describe the conic section by points; the second, 
which is new, furnishes a very simple construction of the tan- 
gents of the conic sections, as we shall presently see in the 
solution of the following problem : 

3. Problem. Given five tangents of a conic section, to de- 
termine all its other tangents by the movement of two recti- 
lineal segments along two fixed right lines. 
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Let a, B,C, D,£, be the five given right lines; let us take 
the first two a, B, as the two fixed right lines along which 
the two segments are to move, and for the segments them- 
selves let us take the distances of the point of concourse 
of these two right lines from the points in which they are inter- 
sected by the third right line c. These two segments must be 
made to move respectively along the two right lines a, B, so 
that their extremities which before lay upon the right line c, 
may fall upon the right line p, and again upon the right line 
E; their two other extremities, which at first coincided with 
the point of intersection of the two right lines a, B, will suc- 
cessively determine two right lines p’, 5’. 

Let the two segments move so that these same two extremi- 
ties may always be in the same right line with the point of 
intersection of the two right lines p’, x’; the right line joining 
the two other extremities of the two segments will assume all 
the positions of the tangents to the required conic section. 

4, It is unnecessary to explain the construction by which, as 
a consequence from Newton’s theorem, we determine all the 
points of a conic section subject to the condition of passing 
through five given points; it would be a mere repetition of 
what we have already said in the solution of the same question 
with respect to the spherical conics (57). 

5. Before closing this Memoir, we may observe that the 
theorem (2), which enables us to construct the tangents of the 
conic sections, gives rise, by means of our method of transform- 
ing geometrical relations, to another theorem available in the 
construction of conic sections by points, and which, for this 
purpose, might take the place of Newton’s theorem. 

This new theorem may be thus stated : 

‘If two angles intercepting segments of constant lengths 
upon a fixed axis turn round two fixed points as vertices, so 
that two of their sides always intersect upon a given right 
line, the point of concourse of their two other sides will gene- 
rate a conic section passing through the two fixed points.” 

This theorem may be employed in the same way that 
Maclaurin, in his Organic Geometry, made use of Newton’s 
theorem. 

6. In order to complete this chapter on the organic con- 
struction of conic sections we ought to add, that Newton’s 
theorem also gives rise to a theorem relating to the construc- 
tion of the tangents of the conic section by the movement of 
two angles of constant magnitudes. This theorem may be 
obtained by a polar transformation, a circle being used as 
the auxiliary conic, as M. Poncelet has pointed out in his 
Memoire Sur la Théorie des Polaires réciproques ; we may 
state it thus : 
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‘‘ If round a fixed point, as vertex, two angles of constant 
magnitudes be made to turn, so that the points in which two 
of their sides respectively meet two given right lines are 
always in the same right line with a given point, the right line 
joining the points in which the two other sides respectively 
meet the same two right lines will envelope a conic section 
which will touch those two right lines.” 


NOTES AND ADDITIONS. 


PacE 5, § 6.—Jf through the vertex of a cone of the second 
degree right lines be drawn perpendicular toits tangent planes, they 
will form another cone, which will be of the second degree. 

The analytical proof of this proposition, though not quite so 
short, may appear to some readers more satisfactory than the geo- 
metrical one. 

Let 

x 2 2 

= + = _ e =< 
be the equation of a cone; the axes of coordinates being rectangular. 
Then the equation of a tangent plane at the point, (2’, y’, 2’) willbe 


LOY Ye, 2 ae 


az b2 c 


Now, the perpendicular to this tangent plane, passing through 


the origin, makes angles with the axes of 2, Y, and z, whose cosines 
! t ! 


are respectively proportional to Peay and — ai but these cosines 


are also proportional to the coordinates x, Y, z, of any point on that 
perpendicular. Hence we find a*x® + ?y? — c*z?— 0, for the equa- 
tion of the second or supplementary cone, which is of the second 
degree; and its tangent plane at the point (x, Y, Z) is evidently 
' perpendicular to the side of the given cone passing through the point 


Cray, 2.) 


Pace 9, § 17.—The theorem stated in this paragraph is a case of 
the following general one: 

If two surfaces of the second order intersect along a plane curve, 
they will also intersect along a second plane curve, either real or 
imaginary. 

In order to prove this, let us take the plane of the first curve of 
intersection as the plane of wy: then the equations of the two 
surfaces being, 


awe +t aly?tal2?t pyz+Bee+ Bl ey+tca+c'y+c"’z+1=0, 
aa? + aly? + al'2* + byz 4 U'vz 4 bay +ca+ecly+c'z+1=0, 
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we must have the coefficients of the terms, independent of z, respec- 
tively equal in both; since the traces of the two surfaces upon the 
plane of wy are identical ; that is, we must have, 
AG, alae eo ae i eas 

Hence, subtracting and dividing by 2, we get, 

(a —a")z + (B—b)y + (s! — b')a +c" —c' =, 
which is the equation of a second plane, on which the surfaces inter- 
sect. 

The normal, at any point on the surface of a cone of the second 
degree, meets the plane of its least section at the centre of the 
sphere, passing through the two subcontrary circular sections which 
intersect in the point at which the normat is drawn. 

It is easy to see that the centre of any sphere passing through 
two subcontrary circular sections, must lie in the plane of the least 
section of the cone: for the planes of the circular sections are per- 
pendicular to that plane, and their centres lie in it. But further, if 
the two circular sections meet at a point on the surface of the cone, 
the sphere passing through them must necessarily touch the cone, so ~ 
that its centre must lie on the normal at that point. Thus, we have 
proved that the centre of the sphere is at the point where the normal 
meets the plane of the least.section of the cone. 

The preceding proposition leads to an easy and direct proof of the 
first theorem in No. 24, p. 13. 

Let va, vB, be the two sides of the cone contained in the plane 
of its least section; and let as, a’B’, be the traces on this plane of 
the two subcontrary circular sections which pass through a point P on 
the surface of the cone, if perpendiculars be drawn to AB, A's’, at 
their middle points M, m’, they will meet at 0, the centre of the 
sphere passing through the two subcontrary sections. 

Now, the plane touching the cone at P will also touch the sphere, 
and consequently it will be perpendicular to the radius oP: therefore, 
the angles, which the tangent plane makes with the two planes of 
circular section, are. respectively equal to the angles which op makes 
with om, om’; or, what is the same thing, to the angles AOM, A’OM’. 
But either the sum or the difference of these two angles is constant, 
and equal to the supplement of the angle avs. Hence we have 
proved that 

The sum or the difference of the angles, which each tangent plane 
to a cone of the second degree makes with the two cyclic planes, 2s 
constant. 

It is easy to extend to the surfaces of the second order in gene- 
ral, the construction just given for determining the centre of the 
sphere passing through two subcontrary circular sections that meet 
at a point on the surface. 


Let 
Mz? -- my? + Ma? + nz -+ n'y + Nx = 0 (1) 


be the equation of the surfaces of the second order; the axes of 
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coordinates being rectangular and parallel to conjugate diameters, 
and the origin on the surface. 

In this equation, without at all diminishing its generality, we may 
assume that M is intermediate between m’ and m”, regard being had 
to the signs as well as to the actual magnitude of these coefficients : 
for this relation between M, m’, m’’, may be always obtained by inter- 
changing the names of the coordinates. Let 


(2—2 P+ (y—y yt (@#—2'y—r—0 (2) 
be the equation of a sphere, in which wv’, y', 2’, r, are indeterminate. 


Multiplying this latter equation by mM, and subtracting from the for- 
mer, we get, 


(0! — my? f(a!” a0) 2 (4 Date! a bao. 6) 
4 (Wf 2my/)y + (4 Be!) 2m (a! pylt pa — a) fT 


If the indeterminate quantities in this equation, 2’, y’, 2',7, be 
so assumed that it shall represent a system of two planes, these 
planes must intersect the given surface along two circles, Such a 
determination of 2’, y', 2’, 7, may be effected in an infinite number 
of different ways; but in all cases we must have 


N -- 2mz' = 0; (4) 


as appears from comparing equation (3) with the product of the 
equations of two planes: and this shows that all the planes of the 
circular sections are perpendicular to the plane of wy. 

The coefficient of z in equation (3) being thus made = 0, the 
conditions to be fulfilled, in order that it shall represent two planes, 
are, Ist, that . 


ni LL Qnty’)? © (nl! + IMz')? 
ees CE an (et py + ot )=05 (5) 
and 2nd, that the product (M—m’) (M—mM") may not be positive. 
This latter condition is already complied with, since M is intermediate 
between m’ and m”. . 
The value of z being determined by equation (4) we still have 
three quantities, 2’, y', 7, to dispose of, and may at once satisfy 
equation (5) by putting 


nw’ + 2my' = 0, n’ 4+ Qua’ 0, 2? + y? + 2°—r 0. 


By these assumptions, along with equation (4), the equation (3) 
is reduced to the form, 


. (m’ —m)y? + (mM — M) 2? ==0, 


representing two planes perpendicular to the plane of zy, and whose 
traces on that plane make angles with the axis of 2, the tangents of 
L 
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‘ mM’ —M um!’ — M 
which are + We and — Wf ge These values of the 


tangents must plainly be real. 
The values for the coordinates of the centre of the sphere, and 
for its radius, are next to be considered. The three equations, 


N -+ 2mz'— 0, nw! + 2my'=— 0, n" + Qua’ — 0, 


show that the centre is on the normal to the given surface at the 
origin: for x’, y’, 2’ are proportional to n’’, Nn’, N; and the equation 
of the tangent plane at the origin is, 

nz -+ n'y + nv = 0, 

Moreover, the equation, N + 2mz’ = 0, shows that the centre of 
the sphere is in the principal plane of the surface, parallel to the 
plane of xy. 

Hence, we have proved that in general, 

The circular sections, passing through a given point on a sur- 

face of the second order, may be determined by the following construc- 

tion: At the given point let a normal to the surface be drawn to 
meet the principal plane, to which the circular sections are perpen- 
dicular : the point of intersection will be the centre, and the normal 
itself will be the radius, of the sphere which cuts the given surface in 
the two circular sections passing through the given point. 

In the analysis of this question there is one case which requires 
particular notice, viz. that of the hyperbolic paraboloid, where m’ and 
m” have different signs, and m0. Here we have real values for 
the tangents of the angles between the planes of circular section and 
the axis of w: but the values of 2’, y’, 2’, become infinite, shewing 
that the sphere degenerates into a plane, and the circular into rectili- 
near sections. 

Confined within the narrow limits of a note, I must either leave 
to the student, or defer until some other occasion, the fuller discus- 
sion of the analytical method which I have here used in determining 
the circular sections of the surfaces of the second degree. It will be 
found to conduct easily to many interesting results relative to these 
sections. 

If we are only allowed to assume that the circular sections of any 
surface of the second degree are perpendicular to one of its principal 
planes, we may apply to these surfaces in general the geometrical 
proof given above in the case of the cone. For the sphere which 
passes through two circular sections that meet at a point on the sur- 
face, must touch the surface, and its centre must therefore be on the 
normal to the surface at that point. And since the two circular 


sections are perpendicular toa principal plane, the centre ofthe sphere 
passing through them must lie in that plane. 


Pace 12, § 22. These two theorems lead to the following pro- 


perties of cones having the same cyclic planes or the same focal 
lines. 


NOTES AND ADDITIONS. 15 


When two cones of the second degree When two cones of the second degree 
have a common vertex and the same have a common vertex and the same 
cyclic planes, ifa plane bedrawnthrough focal lines, the angle contained between 
their vertex cutting the two cones, the two planes touching the two cones will 
sides along which it meets one cone be equal to that contained between the 
will respectively make equal angles with two other tangent planes which pass 
the sides of the other cone, through through the right line in which the two 
which the secant plane passes. former tangent planes intersect. 


Cones which have the same focal lines are called by M. Chasles 
biconfocal cones: in like manner, cones which have the same cyclic 
planes may be called biconcyclic cones. An investigation of the pro- 
perties of these latter would be found to guide the student to many 
new theorems analogous to those relative to similar and similarly 
placed conic sections. 

In future, for the sake of brevity, I shall dispense with the 
enunciation of those properties of cones of the second degree which 
admit of being stated as properties of spherical conics: the latter 
mode of statement being in general more concise, as well as more 
readily understood. 


Pace 14, § 25.—I have not succeeded in finding the elementary 
geometrical proofs, which M. Chasles has promised to give, of the 
two theorems contained in this paragraph. The following demon- 
stration of the theorem in the first column appears to be as simple as 
could be desired. 

Let aps, a/PB’ be two circular sections of the cone, passing 
through a point P on its surface; let aB, a/b’, their traces on the 
plane of the least section of the cone, intersect in 0; and at P let 
tangents be drawn to the two circular sections, respectively meeting 
AB and A/B/ in rand tT’. Then op is parallel to the line in which 
the cyclic planes intersect, and the tangents PT, PT’, are parallel to 
the lines in which the tangent plane at P intersects the cyclic planes. 
But the angles opr, opt’, are respectively double the angles pao, 


PO PO : 
pa’o, whose tangents are ee and mae and since PO? = Ao.oB, the 


; OB 
product of the tangents of the halves of opt, opt’, is equal to —, 
oa’ 


which is constant: oB and oA’ being to each other as the sines of 
the angles which the side of the cone BA’ makes with the two cyclic 
planes. 


Pace 43, § 6, 2nd Mem.—In his Histoire de la Geometrie, 
p- 236, M. Chasles informs us, that M. Magnus was anticipated in 
the discovery of the first of these two theorems by Fuss, a Russian 
geometer, who, in discussing the curve which is the locus of the 
vertices of all the spherical triangles having the same base and sum 
of sides, discovered that this curve is the intersection of a sphere 
with a cone of the second degree, whose vertex is at the centre of 
the sphere.—( Nova Acta, tom. iii. A. D. 1787.) The formule em- 
ployed by Fuss conducted him to the following result, which he calls 
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“ maxime memorabilem,” viz. that if the sum of the sides be given 
equal to half the circumference of the sphere, the locus of the vertex 
will be am are of a great circle, whatever be the base of the triangle. 
This is evident from the most elementary considerations of spherical 
geometry. M. Chasles observes (Histoire de la Geometrie, p. 239,) 
that M. Steiner was the first who proved that the base of a spherical 
triangle*whose area and vertical angle are given, enyelopes a spherical 


conic. 


Pace 46, 
deduce the two following : 


If two spherical conics have the same 
cyclic arcs, every arc of a great circle 
touching the inner curve meets the outer 
one in two points which are equally 
distant from the point of contact. 


§ 11.—From the two theorems in this article we may 


If two spherical conics have the same 
foci, two arcs drawn from a point in 
the outer curve to touch the inner one 
make equal angles with the tangent to 
the outer conic at the point from which 
the tangents are drawn. 


These last two theorems are only particular cases of the two fol- 


lowing : 


If two spherical conics have the same 
cyclic arcs, every arc of a great circle 
which cuts both of them intersects one 
curve in two points, which are equally 
distant from the points in which this 
arc meets the other curve. 


If two spherical conics have the same 
foci, the angle contained between two 
ares touching the two éurves will be 
equal to the angle between the two 
other tangent arcs which may be drawn 
to the conics from the same point. 


Pace 47, § 14.—If M. Chasles had not restricted himself to the 
consideration of the hemisphere on which the conic is traced, (see 
page 45, § 10,) he might have stated the theorems in this article 


more elegantly. 


For each arc touching the conic meets a cyclic arc in two points 
diametrically opposite ; so that, ef the points of intersection be rightly 


chosen, we might assert that 


(1.) Two tangent arcs to a spherical 
conic intersect the two cyclic arcsin four 
points, which lie in the circumference 
of a small circle, whose centre is the 
pole of the great circle passing through 
the two points of contact of the tangent 
arcs. 


The four vector arcs, drawn from 
the two foci of a spherical conic to any 
two points of the curve, will all touch 
the same small circle, whose centre is 
the point of concourse of the two arcs 
touching the curve at these two points. 


This mode of stating the preceding theorems is valuable ; for 
from them we are led to those contained in § 16, by the aid of the 
following propositions, which are very useful in spherical geometry, 


and may be easily proved : 


(2.) If an arc of a great circle, passing 
through a fixed point on the surface of 
the sphere, intersect a given small cir- 
cle in two points, the product of the 
tangents of the semi-ares, lying between 
these two points and the fixed point, 
will be constant, 


If from any point in a fixed are of a 
great circle tangent arcs be drawn to a 
given small circle, the product of the 
tangents of the semi-angles, which 
these tangent arcs make with the fixed 
arc, will be constant. 


Lal 
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Pace 47, § 15.—These theorems might be readily deduced from 
those in No. 11, by the following method: 

Let o be the point of intersection of the cyclic arcs ; then, since 
the portion of a tangent arc AB, intercepted between the two cyclic 
arcs, is bisected at the point of contact p, the two consecutive tan- 
gents AB, 4’B’, must bisect one another in P; hence, the elementary 
spherical triangles APA’, BPB’, are equal, and the area of the whole 
triangle Ao, will remain invariable ; the sum of its three angles is 
therefore constant : but the angle aos is fixed, therefore, the sum of 
the angles aBo, Bao, must be constant. Having proved the first 
theorem thus, we may deduce the second from it by reference to 
the supplementary cone. Precisely in the same way we might prove 
the first of the two following theorems, and then derive the second 
from it by means of the supplementary cone. 


If two spherical conics have the same If from any point in the outer of two 
cyclic ares, any are touching the inner biconfocal conics, two tangent arcs be 
curve, will cut off from the outer one a drawn to the inner curve, the sum of 
segment of a constant area. these two arcs and of the concave part 

of the circumference of the conic in- 
cluded between them will be constant. 


Pace 47, § 17.—-By means of the known formula 
sin s sin(s—a 
cos * 2A. ( u 
sin 6 sin ¢ 

expressing the cosine of the half of one angle of a spherical triangle 
in terms of the three sides, we might at once show that if the base 
a and the sum of the sides 6, c, of aspherical triangle be constant, 
the product of the sines of the two arcs drawn from the extremities 
of the base perpendicular to the are bisecting the supplement of the 
vertical angle is constant, and equal to » 


sin?4(b-+ c) —sin*Za. 


PacE 48, § 21.—It is evident that any arc, passing through a 
fixed point, and cutting a spherical conic and the polar arc of the 
fixed point, will be harmonically divided. 


Pace 50, § 28.—If a plane quadrilateral be circumscribed about 
a circle, the angles which two opposite sides subtend at the centre 
will be supplemental. Hence we derive the following theorems: 


A spherical quadrilateral being cir- 
eumscribed about a spherical conic, if 
ares be drawn from the pole of one of 
its cyclic arcs through the four vertices 
of the quadrilateral, so as to meet that 
cyclic arc, the ares drawn to two adja- 
cent vertices of the quadrilateral will 
include between them a portion of the 
cyclic are supplemental to that included 
between the two remaining arcs. 


A spherical quadrilateral being in- 
scribed in a spherical conic, if arcs be 
drawn from one focus to the four points 
in which the four sides meet the corres- 
ponding director are, the portion of 
that arc included between two adjacent 
sides of the quadrilateral will subtend 
at the focus an angle supplemental to 
that subtended by the portion of the 
director arc included between the two 
other sides. 
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Pace 50, § 29.—From the theorems in this article we may de- 
duce two ethers. which are most powerful instruments in discussing 
questions of spherical geometry. 

It is easy to show that if four arcs diverging from the same point 
o be cut in the points A, B, C, D, by any fifth arc, we shall always have 


sin AB sin CD sin AOB sin COD 


sin AD sin BC sin AOD sin BOC * 
or, as M. Chasles designates it, the anharmonic relation of the four 
points is the same as that of the four arcs. 
Hence we arrive at the following theorems : 


(1.) If from four fixed points ona sphe- If four fixed tangent ares be drawn 
rical conic arcs be drawn to any fifth to a spherical conic, any fifth tangent 
point on the curve, their anharmonic arc will cut them in four points, the 
relation will be constant. - anharmonic relation of which will be 

constant. 


The first of these theorems, or rather its converse, may often be 
used with success when we have to investigate the locus described by 
the vertex of a spherical triangle,two of whose sides pass through two 
fixed points P, P', whilst it ae fulfils some other conditions. Let c, c’, 
c’, c/’, be four positions of the vertex; then, if we can show that the 
Briarmionis relation of the arcs PC, PC’, PC’, Pol, is the same as that 
of the arcs P’c, P’c’, p’c”, p’c'”’" it follows that the locus of c will bea 
spherical conic passing through the points P, P’. 

And in like manner, the second theorem may be employed as ad- 
vantageously in ascertaining the envelope of the base of a spherical 
triangle, two of whose angles A, B, are on given arcs L, L’, and which 
is further limited by some other conditions. Let a, a’, a’, A’””, be'four 
positions of one angle, and B, B’, B’, B’”’, the four corresponding posi- 
tions of the other, then, if we can show that the anharmonic relation 
of a, A’, A’’, A’’’”, is the same as that of B, B’, B’’, B’”’, the six arcs AB, 
A/B’, A//B/’, A’””,B/”’, L, L/, must all touch the same spherical conic,which ~ 
will be the required envelope. In what follows we shall give several 
examples of the application of these principles. 

Six points, A, A’, B, B’, Cc, c’, lying in the arc of a great circle, 
and corresponding to each other two by two, are said to be in invo- 
lution, when the anharmonic relation of four of them is the same as 
that of their four conjugates : 

For instance, if the anharmonic relation of a, B, c, c’, is the same 
as that of a’, B’, c’, c,the three couples of points a, A’, B, B’, C,C’, are in 
involution, And it may be proved that if this relation holds for one 
set of four points and their conjugates, it will also hold for any other : 
that is, if the anharmonic relation of A, B, C, Cc’, is the same as that of 
a’, B’, C/, C, we shall also have the anharmonic relation of 4A, B, C, B’, 
the same as that of a’ B’, c’, B, and so on. 

Again, from the definition which has been given for the involution 
of six points, it may be shown that if there be three or more couples 
of points such, that the first two couples, taken along with any other 
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couple, form a system in inyolution, any three of these couples will 
likewise form a sytem in involution. 

Three couples of arcs which pass through the same point are said 
to be in involution, if the anharmonic relation of any four of them is 
the same as that of their four conjugates: and such a system possesses 
properties analagous to those of a system of six points in involution. 

_Using the preceding definitions and properties of systems of 
points or arcs in involution, we may deduce the following theorems: 


(2.) A spherical quadrilateral being 
inscribed in a conic, any transversal 
are will cut the curve and the four sides 
of the quadrilateral in six points, which 
are in involution. 


A spherical quadrilateral being cir- 
cumscribed about a conic, the four ares 
drawn to its four vertices from any 
point without the curve, taken along 
with the two tangent arcs drawn from 


the same point, form a system of six 
arcs in involution. 


The theorem in the first column may be thus proved. Let the trans- 
versal arc meet two opposite sides of the quadrilateral, ad, bc, in a, A’, 
the two other sides ab, cd, in B, B’, and the conic in c, c’; then, by 
the first of the theorems (1), the anharmonic relation of the four arcs 
drawn from a to d,c, b, c’, is the same as that of the arcs drawn from 
ec to b,c’, d, c; therefore the anharmonic relation of the points 4, c, B, 
c’, is the same at that of a’, c’, B’, C3 hence the points a, a’, B, B’, 


c, Cc’, are in involution. 


From the preceding we may successively deduce the following 


pairs of theorems: 


(3.) Two spherical conics being cir- 
cumscribed about a spherical quadri- 
lateral, any transversal arc of a great 
circle meets the two curves, and also 
two opposite sides of the quadrilateral 
in six points, which are in involution. 


(4.) Three spherical conics being 
circumscribed about the same quadrila- 
teral, any transversal arc of a great 
circle meets the three curves in six 
points, which are in involution. 


Two spherical conics being inscribed 
in a quadrilateral, four tangent arcs 
drawn to them from the same point, 
together withthe two arcs drawn from 
the same point to two opposite vertices 
of the quadrilateral, form a system of 
six arcs in involution. 


Three spherical conics being in- 
scribed in the same quadrilateral, the 
six tangent arcs, drawn to them from 
any point, will form a system of six 
arcs in involution. 


Pace 51, § 32.—To the theorems contained in this section we 
may be permitted to add the following, which are derived from known 


properties of the circle. 


1) The angle which an arc of a circle subtends at the centre is 
double of that which it subtends at any point in the remaining part of 


the circumference. Hence, 


If from two fixed points on a spheri- 
cal conic arcs be drawn through any 
third point on the curve, they will 
include between them, on one of the 


If any tangent arc be drawn to a 
spherical conic, intersecting two fixed 
tangent arcs in two points, and through 
these points arcs be drawn to one of the 
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eyclic arcs, a portion which will be 
the half of that included between two 
arcs drawn from the two fixed points 
through the pole of the cyclic are. 


ADDITIONS. 


foci of the conic, they will contain be- 
tween them an angle which will be the 
half of that contained between the two 
vector arcs drawn to the points of con- 
tact of the fixed tangent arcs. 


(2.) The portion of a tangent to a circle intercepted between 
two fixed tangents, subtends a constant angle at the centre. Hence 


If two fixed tangent arcs be drawn 
to a spherical conic, and any third tan- 
gent arc be drawn meeting them in two 
points, the arcs passing through these 
two points and through the pole of a 
cyclic arc, will intercept on that cyclic 
are a portion of a constant length. 


If from two fixed points in a spheri- 
cal conic arcs be drawn to any third 
point on the curve, and produced to meet 
one of the director ares, they will in- 
tercept between them, on that director 
arc, a portion which will subtend a 
constant angle at the corresponding 
focus. 


(3.) If from any point in a given right linetangents be drawn to 
a given circle, they will make with the given right line angles the 
product of the trigonometric tangents of whose halves is constant. 


Hence, 


If from any point in a fixed are two 
arcs be drawn touching a given spheri- 
cal conic, they will intersect either of 
its cyclic ares in two points, such that 
the product of the trigonometric tan- 
gents of the halves of their distances 
from the point in which the fixed arc 
meets the given cyclic are will be con- 
stant. 


If through a fixed point on the sur- 
face of the sphere any are be drawn 
meeting a spherical conic in two points, 
the arcs drawn from either focus to 
these two points will make, with the 
arc drawn from the same focus to the 
given point, two angles, the product of 
the trigonometric tangents of whose 
halves will be constant. 


(4.) If any right line be drawn through a fixed point in the 


plane of a given circle, intersecting it in two points, the radii drawn 
to these points will make angles with the radius passing through 
the given point such that the product of the trigonometric tangents 


of their halves will be constant. 
ing theorems : 


If any are be drawn through a fixed 
point, intersecting a given spherical 
conic in two points, the arcs drawn 
through these two points and through 
the fixed point from the pole of one of 
the cyclic arcs of the conic will meet 
that cyclic arc in three points, such that 
the product of the trigonometric tan- 
gents of the halves of the distances of 
the first two from the third will. be 
constant. 


Hence we derive the two follow- 


If from any point in a fixed are 
tangent arcs be drawn to a_ given 
spherical conic, and arcs be drawn 
from one of the foci to the points in 
which these tangent arcs meet. the 
corresponding director arc, these vec- 
tor arcs will make, with the vector arc 
drawn to the point in which the fixed 
arc meets the director arc, two angles, 
the product of the trigonometric. tan- 
gents of whose halves will be constant. 


(5.) A plane triangle being inscribed in a circle, if from any 
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point Pp in the circumference right lines pa, pb, re, be drawn, re- 
spectively meeting the three sides Bc, ca, aB, and making with them 
equal angles on the same side of the lines pa, pb, Pc, then the three 


points, a, 6, c, will lie in the same straight line. 


If the three sides, a, b, c, of a spheri- 
eal triangle inscribed in a conic, be 
successively produced to meet one of 
the cyclic arcs in the points a, 8, y, and 
equal portions aA, Bu, yv, be measured 
on the cyclic are in the same direction, 
ares drawn from the points A, p, », 
through any point on the curve will 
meet the sides a, b, ¢, in three points 
lying in the arc of a great circle. 


Hence, 


From the three vertices of a spheri- 
cal triangle aBc circumscribed about a 
conic, if arcs be drawn to one of the 
foci F, and three other vector arcs Fl, 
Fm, Fn, be drawn so that the angles 


‘AF/, BFm, CFn, may be equal and lie at 


the same side of the arcs FA, FB, FC; 
these three ares, F/, rm, Fn, will meet 
any tangent arc in three points /, m, n, 
such that the arcs al, Bm, cn, will pass 
through the same point. 


Pace 51, § 33.—Two right lines and a fixed point being given, 
if a constant angle be made to turn round this point as vertex, the 
right line joining the points in which its sides meet the two given 
right lines will envelope a conic section (p. 62, iii. 1). Hence, 


If a variable spherical angle turn 
round a fixed point on the surface of a 
sphere so as to intercept between its 
sides a constant segment on a givenarc, 
the are joining the points in which its 
sides meet two other fixed arcs will 
envelope a spherical conic touching 
those two fixed arcs. 


If a constant spherical angle turn 
round a given point as vertex, the arcs 
joining the points in which its sides 
meet a fixed are with two other fixed 
points will intersect in a point, the 
locus of which will be a spherical conic 
passing through those two fixed points. 


Pace 53, § 38.—The theorems contained in this article might 


be stated more generally as follows : ‘ 


If two arcs be made to turn round 
two fixed points on a spherical conic, 
so as to intersect in any third point of 
the curve, the arc joining the points in 
which they respectively meet two fixed 
arcs will envelope a spherical conic 
touching these two fixed arcs. 


> 


Two fixed tangent arcs being drawn 
to a spherical conic, any third tangent 
are will intersect them in two points, 
and the ares respectively drawn through 
these points and through two fixed 
points will intersect in a point the locus 
of which will be a spherical conic pass- 
ing through the two fixed points. 


The principles stated in page 78 furnish us with easy proofs 


of these theorems ; that in the first column may be proved thus: 
Let p, Pp’, be the two fixed points; c, c’, c”, c’”, four other points 
on the curve; then, since the anharmonic function of the arcs pc, 
po’, pc’, pc’, is the same as that of p’c, p/c’, p/c’’, p/c’”, the an- 
harmonic function of the four points a, a’, a”, a’’, in which Pc, 
pc’, pc’, pc’, intersect one given arc, will be the same as that of 
the four points B, B’, B’’, B/’”, in which P’c, P’c’, P/c’’, P’c/’’”, meet 
the other given arc; therefore, the arcs aB, A’B’, A’/’B”, A’’’B/’’, are 
tangents to a spherical conic touching the two given arcs, 
M 


82 


NOTES AND ADDITIONS. 


The theorem in the second column might be similarly proved, 
or we may infer it from the first by reference to the supplementary 


cone. 


Pace 53, § 39.—Since the arc which bisects any angle of a 
spherical triangle divides the opposite side into segments, the sines 
of which are proportional to the sines of the conterminous sides, 
we infer from the theorem in this article, that 


If the base of a spherical triangle be 
given, and also the ratio of the sines of 
the two remaining sides, the locus of 
the vertex will be a spherical conic, 
whose cyclic ares will be in the two 
planes perpendicular to the radii of the 
sphere drawn to the points which di- 
vide the given base internally and ex- 
ternally, so that the sines of the seg- 
ments may be in the given ratio. 


If the vertical angle of a spherical 
triangle be given, and also the ratio of 
the sines of the two remaining angles, 
the base will envelope a spherical conic, 
whose foci will be the extremities of the 
radii of the sphere perpendicular to the 
planes of the two arcs which divide the 
given vertical angle internally and ex- 
ternally, so that the sines of the seg- 
ments may be in the given ratio. 


Pacer 53, § 40.—The theorem in the second column shows that 
if the base of a spherical triangle be given, and also the product of 
the cosines of the two remaining sides, the locus of the vertex will 


be a spherical conic. 


Pacr 53, § 42.—To the theorems given by M. Chasles in this 
section, we may add the following: 

(1). The chord in a circle joining the extremities of two radii 
which contain between them a constant angle envelopes a circle 
concentric with the given one. From this property of the circle we 
derive the following theorems relative to spherical conics. 


A spherical conic and one of its cyclic 
ares being given, if round the pole of 
this cyclic arc, as vertex, a spherical 
angle of variable magnitude be made to 
turn, whose sides intercept between 
them on the cyclic are a portion of a 
constant length, the are joining the 
points in which the sides of the movea- 
ble angle meet the given conic will en- 
velope a second conic. 

The given cyclic are will be a cyclic 
are of the new conic ; and this are will 
have the same pole with relation to the 
two curves. 


A spherical conic and one of its foci 
being given, if round that focus, as ver- 
tex, a constant spherical angle be made 
to turn, and from the points in which 
the sides of this angle meet the director 
are corresponding to the given focus 
two tangent arcs be drawn to the given 
conic, their point of concourse will ge- 
nerate a second spherical conic. 


The given focus will be a focus of the 
new conic; and the corresponding di- 
rector are will be the same for the two 
curves. 


(2). If right lines be drawn from two fixed points in the circum- 


ference of a circle through the extremities of any diameter, they 
will mtersect in a point the locus of which will be circle, which 
passes through the two fixed points, and whose centre is the pole of 
the right line joming them. Hence we derive the following 
theorems. 
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A spherical conic and one of its 
cyclic ares being given, if ares be drawn 
from two fixed points on the curve to 
the extremities of any are passing 
through the pole of that cyclic arc, 
and terminated by the curve, they will 
intersect in a point the locus of which 
will be a second spherical conic. 

The given cyclic are will be a cyclic 
are of the new conic, and its pole, with 
relation to that curve, will be the same 
as the pole, with relation to the given 
conic, of the are joining the two fixed 
points. 
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A spherical conic and one of its foci 
being given, if tangent arcs be drawn 
to the curve from any point in the cor- 
responding director are, the arc joining 
the points in which these tangent arcs 
meet two fixed tangent arcs will en- 
velope a second spherical conic. 


The given focus will be one of the 
foci of the new conic, and its corres- 
ponding director arc, for that curve, will 
be the are joining the points of con- 
tact of the two fixed tangent arcs. 


(3). The principles stated in page 78 furnish us with easy 


proofs of the following theorems : 


In a spherical triangle, if the base 
and the difference of the base angles 
be given, the locus of the vertex will 
be a spherical conic, passing through 
the extremities of the given base. 


In a spherical triangle, if the verti- 
cal angle and the difference of the sides 
containing it be given, the base will 
envelope a spherical conic touching the 
two sides which contain the given angle. 


(4). If two tangents to a parabola intersect at a constant angle, 


the radii vectores drawn from the focus to the two points of contact 
will also contain between them a constant angle. But in any conic 
section the point of concourse of the tangents at the extremities of 
two focal radii vectores, which contain between them a constant 
angle, will generate a conic section, (see page 62, iil. 2). Hence 
we derive the following very general properties of spherical conics : 


If two tangent arcs to a given spheri- 
cal conic intercept between them a 
segment of a constant length ona fixed 
tangent arc to the curve, their point of 
concourse will generate a second spheri- 
cal conic. 

If the segment intercepted on the 
fixed tangent be a quadrant, the point 
of concourse of the two tangent arcs 
will move along an arc of a great circle. 


If a constant spherical angle turn 
round a fixed point on a given conic, 
as vertex, the arc joining the points in 
which its sides meet the curve will 
envelope a second spherical conic. 


If the constant spherical angle be a 
right angle, the arc which it subtends 
in the spherical conic will pass through 
a fixed point. 


(5). From the theorem in the second column it appears that ifa 
constant angle turn round a fixed point on a conic section as vertex, 
the chord which it subtends will envelope a second conic section. 
Hence we deduce the following theorems : 


If a variable spherical angle turn 
round a fixed point on a spherical conic 
so that the segment intercepted between 
its sides on a fixed arc may be of a 
constant length, the are joining the 


If a constant spherical angle turn 
round. a fixed point as vertex, and if 
from the points in which its sides meet 
a fixed tangent are to a given spherical 
conic two ares be drawn touching the 
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points in which these sides meet the curve, their point of concourse will ge- 
conic will envelope a second spherical nerate a second spherical conic. 

conic. 


(6). Again, from the second of these latter theorems we learh, 
that if a constant angle turn round a fixed point in the plane of a 
conic section as vertex, and if from the points in which its sides 
meet a fixed tangent two other tangents be drawn to the curve, their 
point of concourse will generate a second conic section. From this 


we deduce the following theorems : 


If a variable spherical angle turn 
round a fixed point on the surface of a 
sphere so that the segment intercepted 
between its sides on a fixed are may be 
of a given length, and if, from the points 
in which its sides meet a fixed tangent 
arc to a given spherical conic, two other 
tangent arcs be drawn to the curve, 
their point of concourse will generate 
a second spherical conic. 


If a constant spherical angle turn 
round a fixed point on the surface of 
a sphere, and, from the points in which 
its sides meet a fixed arc, two arcs be 
drawn to a fixed point on a given 
spherical conic, the arc joining the 
points in which these two arcs meet 
the curve will envelope a second spheri- 
cal conic. 


As before, we might, from the theorem in the second column, 


deduce a property of the plane conic sections, and from it in turn 
derive a pair of theorems relating to spherical conics. In fact there 
is no limit to the number of theorems which might be obtained in 


this way. 


Pace 58, § 56.—The following theorems, which are more ge- 
neral than those given by M. Chasles in this article, may be proved 
by means of the principles laid down in page 78. 


If any two spherical angles, each of 
invariable magnitude, turn round two 
fixed points as vertices, so that two of 
their sides intersect on a given spheri- 
cal conic passing through the two fixed 
points, the point of intersection of their 
two other sides will generate a spheri- 
cal conic, which will pass through the 
two fixed vertices of the moveable 
angles. 


If along two fixed arcs any two seg- 
ments, each of invariable magnitude, 
be made to move, so that the arc join- 
ing two of their extremities may be a 
tangent to a given spherical conic which 
touches the two fixed ares, the arc 
joining their two other extremities will 
envelope a spherical conic which will 
touch the two fixed arcs along which 
the segments move. 


The first theorem may be proved in the following manner : 

Let p, p’, be the two fixed points round which the constant 
angles, mpc, mp’c, turn; let m, mM’, m’’, m’”’, be four points on the 
given conic, and c, c’, c’, c’”, four positions of the point the locus 
of which is sought. Then, since the angles mpc, m’pc', Mpc’, 
mpc’, are equal, the anharmonic relation of the arcs PM, PM’, 
pM’, pM’’’”, is the same as that of the four ares, pc, pc’, Pc’, Pc’” ; 
and since the angles mp’c, mM’p’c’, M’’p’c”’, m//P’c’”’, are equal, the 
anharmonic relation of the four arcs, P/M, P/M’, P’M’’, P/M”, is the 
same as that of the four arcs, p’c, P’c’, p’c’”, p/c/”. But by the first 
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theorem given in the note to page 50, § 29, the anharmonic relation 
of pM, pM’, pM’, pM””, is the same as that of P/M, P/M’, P’M’’, P/M’; 
hence the anharmonic relations of the two systems of arcs Pc, Pc’, 
pe”, po”, and p’c, P’c’, p’c”’, p’c'”’", are the same: consequently a 
conic section will pass through the points p, Pp’, c, c’, c”, c!”’. 

The second theorem might be proved in a similar manner, or 
we may derive it from the first by means of the supplementary 
cone. 


Pace 66, cap. vill.—The theorems contained in this chapter are 
deduced by M. Chasles from preceding ones by means of that par- 
ticular polar transformation in which a parabola is used as the 
auxiliary Sl sake Quetelet’s Correspondance Mathematique et 
Physique, Tom. V. p. 281.) 

We may, however, arrive at them without having recourse to 
this method. 

The first follows immediately from the theorem given in the 
note to page 51,§ 33. 

The second and third are particular cases of the theorems re- 
lative to the plane conic sections which may be derived from the 
theorems (5) and (6) first column, in the note to page 53, § 42. 


Pace 68, cap. ix. § 5.—This theorem, which M. Chasles ob- 
tains by a polar transformation, follows directly from that given in 
page 63, cap. iv. § 6. 


Pacer 69, cap. x. § 5.—The theorem which M. Chasles here 
gives for the construction of the conic sections by points admits of 
a great extension. 

If two spherical angles, which intercept segments of constant 
lengths on two fixed arcs, turn rourd two fixed points as vertices, so 
that two of their sides always intersect upon a given spherical conic 
passing through the two fixed points, the point of concourse of their 
two other sides will generate a second spherical conic passing through 
the two fixed points. 

This may be readily proved. For let p, p’, be the two fixed 
points, and mpc, mp’c, the two constant angles: let M, mM’, mM”, m’’”’, 
be four points on the given conic, and ¢, c’, c’’, c’””, four positions 
of the point whose locus is sought, then the anharmonic relations 
of the two systems of arcs, PM, PM’, PM’, pM’’””, and pc, Pc’, Pc”, 
pe’’”, must be the same; since the angles mpc, m/Pc’, M/’Pc”, 
m’’pc’”’, intercept equal segments on the same arc. For a similar 
reason, the anharmonic relations of the two systems P/M, P/M’, 
p/m’, p/M’’””, and p’c, p/c’, p’c’’, p’c’’”, must be the same: but 
since the systems PM, PM’, PM’’, pM’”, and P/M, P/M’, P/M”, P/M’, 
have the same anharmonic relation, it follows that the two systems 
pc, pc’, pc”, pc’”, and p’c, p’c’, P’c’’, p’c’’’, must also have the 
same anharmonic relation: so that a spherical conic must pass 
through the six points P, P’, c, c’, ce”, o/”. 
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Pace 70, cap. x. § 6.—This last theorem may also be ex- 
tended. 

If two spherical angles of constant magnitudes be made to turn 
round two fixed points, so that the arc joining the points in which 
two of their sides respectively meet two fixed arcs, may always be a 
tangent to @ given spherical conic touching those two fixed arcs, the 
are joining the points in which the two other sides respectively meet 
the same two arcs will envelope a second spherical conic, which will 
also touch these two fixed arcs. 

For let p, p’, be the two fixed points, round which the constant 
angles AP#, BP’6, turn; Az, BS, being the two fixed arcs. Let 
A’, A”, a’, be three other positions of the point a, and a’, a’, «!’’, 
B/, B’, B’’’, B’, 6’, 6’, the corresponding positions of the points 
e, B, @; then the anharmonic relations of the two systems of points 
A, A’, A”, A’”’, and a, @’, «'’, a/’, are the same: likewise the anhar- 
monic relations of B, B’, B’, B’”, and 8, 6’, 8”, B’”, are the same: 
but if ap, A’B’, A’’B’’, A’’B’”, be tangents to the same conic which 
touches the two arcs Az, and Bf, the anharmonic relations of the 
two systems A, A’, A’, a’”’”, and B, B’, B’, B’””, will be the same, 
and therefore a, e’, a’, «/’’, and®, 6’, ’’, B’’’, will be similar systems ; 
consequently the arcs «8, a’, «!’B’’, «'’’2’’, must all be tangents to 
aspherical conic which touches the two arcs Aw, BA. 

The theorem just proved might have been deduced from the one 
contained in the preceding note, by employing two supplementary 
cones. 


APPENDIX. 


ON THE APPLICATION OF ANALYSIS TO SPHERICAL GEOMETRY. 


§ 1.—On the Use of Spherical Coordinates. 

As the position of a point on a plane is determined by reference 
to two fixed right lines, or axes of coordinates, in that plane, so the 
position of a point on the surface of a sphere may be determined by 
referring it to two fixed arcs of great circles. 

Through a point o onthe surface of a sphere, which we shall call 
the origin, let two fixed arcs of great circles ox, oy, be drawn, and 
let the points x and y be 90° distant from o ; thenif arcs be drawn 
from y and x through any point Pp on the sphere, and respectively 
meeting ox and oy in and vy, the trigonometric tangents of the 
arcs OM, ON, are to be considered as the spherical coordinates of the 
point p, and we shall denote them by and y. To the fixed arcs I 
propose to give the name of arcs of reference. 

If the arcs ox, oY, xN, YM, be projected, by means of radii of 
the sphere, into right lines upon a tangent plane at the point o, the 
projections of the arcs xn, ym, will be respectively parallel to the 
projections of ox and oy; consequently, the projections of the arcs 
oM, ON, which are the trigonometric tangents of those arcs, or the 
spherical coordinates of the point P, are the rectilinear coordinates, 
in the tangent plane, of the projection of the point Pp; the axes of 
coordinates being the projections of the arcs of reference. This 
consideration leads to an important consequence, viz. : that an equa- 
tion of the nt* degree between the spherical coordinates « and y repre- 
sents a curve formed by the intersection of the sphere with a cone of 
the n% degree having its vertex at the centre of the sphere. 

Each side of such a cone would meet the surface of the sphere 
in two points diametrically opposite, which, however, will have the 
same spherical coordinates since tan 6=tan (180° + 9). 

Thus the equation of the first degree between # and y represents 
an are of a great circle. An equation of the second degree repre- 
sents a spherical conic, and so on. 

In what follows, for the sake of simplicity, I shall suppose the 
arcs of reference to be at right angles to each other. In this case 
the arcs PM, PN, are perpendicular to ox and oy, and I call such a 
system of spherical coordinates rectangular. 
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§ 2.— The Equation of an Arc of a great Circle. 
The equation of the first degree between # and y may in general 
be written in the form 


ax + py 1. (1) 


The great circle, represented by this equation, meets the arcs of 
reference in two points, the cotangents of whose distances from the 
origin are, « and @. Hence, denoting the coordinates of the pole of 
this great circle by x’ and y’, we shall have 


x’ —=—aeandy’— — B. (2) 


It appears from this that if « and @, instead of being fixed, are 
merely connected by an equation of the first degree, the great circle 
(1) will turn round a fixed point. If the equation connecting « and 
B be of the second degree, the great circle will envelope a spherical 
conic. And, in general, if « and @ be connected by an equation of 
the n degree, the great circle will envelope a spherical curve to 
which 7 tangent arcs may be drawn from a point without it. For 
the pole of this great circle will generate a curve formed by the in- 
tersection of the sphere with a cone of the n” degree, and as a 
transversal arc of a great circle may meet this curve in 7 points, the 
great circle (1) may assume » different positions whilst it passes 
through the same point. | 

But the general equation of the first degree may be written in 
the form 


yr—metn (3) 


and it is desirable to explain the geometric meaning of the constants 
mandn, As ton, it is evidently the coordinate of the point in which 
the great circle (3) meets the y arc of reference. 

If we take another great circle whose equation is y= ma, and 
seek the coordinates of the point in which this great circle meets 
the circle (3), we should find infinite values for # and y. These 
two great circles will therefore intersect on the great circle of which 
the origin is the pole: and, consequently, in the equations of two 
arcs of great circles y= mx +n, y= m/x +n’, if m= m’, these 
two arcs will pass through the same point in the great circle of 
which the origin is the pole. Another geometric meaning may be 
given to the constant m: for « and @ are evidently proportional to 
the cosines of the angles which the arc (1) makes with the arcs of 


reference, and m = — z 
The equation of an arc of a great circle passing through a fixed 
point 2”, y’, is 
RB RP ACE Hey, (4) 


where ™ is indeterminate; and the equation of the great circle 
passing through two given points 2’, y’, and wv”, y’, is 
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_ $3. To express the Distance between two Points on the Sphere 
in Terms of their Coordinates a’, y’, and a", y’’. 
Let 3 be the distance between the points; ¢’ and e” their dis- 


tances from the origin ; and #’, #”’, the angles which ¢/ and ¢” make 
with the 2 arc of reference. Then we shall have the following 


equation 
cos 0 = cos e’ cos e” + sin g’ sin e” cos(w!/—a’), 
but we also have 
cos w’ = x’ cot e’ cos a!’ = x’ cot ¢” 
sin w’—= y’ cot e’ sin a = y" cot e” 


and by squaring these last equations and adding them two by two 
we shall find 


1 1 
cos 0 —_———————. and cos e!/ Ep Pomeneen or amon S| 

HV1l+a?4y? EVI + x? 4 y/P 
Substituting from the last six equations in the preceding one we 
obtain, 


] al al! fo,lt 
cos o = SS (6) 


(Lae y?) (Lo py) 


From this we get the following formulze which are more generally 
useful, 


coke att Dia GES Sale Vink SRR TE 
8p ey Accrued Ulan Mlle tek Goel ee sat 
CEE ar os) (Uk a ve) 


+ VG a aP EU ot Oy wy 
Mi EAMk Kathe waa sa «> 


The last three formule have double signs, because they give 
the distance of the point 2’, y’, from the point diametrically opposite 
to x'', y'', as well as from the point v”, y” itself. And it must also 
be remembered that two points on the surface of a sphere may be 
joined by two different arcs of great circles, which taken together 
make up the whole circumference of a great circle. 


tan c= 


§ 4.—To express the Length of the Arc », drawn from a given 
Point x', y', at right Angles to the Arc of a great Circle whose Equa- 
tion is ax + By—l. 

The required arc is the complement of the distance of the given 
point from the pole of the given circle, whose coordinates are — «, 
and — @; substituting these values for 2"’, y'' in (6) we find, 

N 
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Bin Ai ee eee (9) 


§ 5.—To express the Angle 6 between two Arcs whose Lquations 
are aw + By Land we+ py—l. 

Since the angle between the arcs is equal to the distance between 
their poles, we find from (6) 


l f f 
cos 6 == ba) San Regt ig (10) 


EV(ite+e)(pa +e) - 
This formula shows that the two arcs will be at right angles to 
each other if 


1 +- cece’ +68’ —= 0. (11) 


§ 6.—To find the Equation of the great Circle passing through, 
the Point 2', y', and perpendicular to the Arc whose Equation is 
av +- By—!). 

The great circle whose equation is required must pass through 
the pole of the given great circle, as well as through the point 
z', y'; hence from (5) it appears that its equation will be 


Ye aaa (12) 


a—a ate 


§ 7.— Transformation of spherical Coordinates. 

Spherical coordinates may be transformed by assuming a new 
origin and new arcs of reference. It is not, however, very easy to 
establish the general formulz which enable us to pass from any one 
system of spherical coordinates to another. I have investigated 
these formulz and will furnish them on another occasion, having 
at present no need to employ any but the simplest modes of trans- 
formation. In the first place, the formulze which are to be used, in 
passing from one system of rectangular coordinates to another, 
whilst the origin remains the same, are . 


2—e'cosa— y' sina 
yy'cosa+ 2' sine (13) 


« being the angle between the given and the new reference arcs of 
az. This becomes evident if we project the two systems of arcs of 
reference into right lines upon the tangent plane at the common 
origin. Next, we may change the origin, whilst the reference arc of 
# remains the same; the new system of coordinates as well as the 
given one being rectangular. The formule for this transformation 
are 


_ 2 +tana 5 9 oy neck 
—To@tana 71 altana oe 


where « denotes the distance between the two origins. 
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To prove this, let ox, oy, be the given ares of reference, and 
o’x, 0’y, the new ones; and from any point p draw arcs pM, PN, 
PN’, respectively perpendicular to ox, oy, 0’y; then, as the arc pM 
passes through y 


tanyn' _ cos pyn’ cos 0'M 
tanyN  cosPYN cos (oo' + 0m)’ 
hence, since cot yn, cot yn’ are respectively equal to y and y’ 
oo’ = «, and tan o’M = 2’, we get 
! 
__ y' seca 
+ ame ake i ee A 
1— wz tan e« 
also, since OM — 00’! + o’m, 
tan oo’ + tan o’m 
tan om = ——_——_-—___--——_ 
| — tan oo’ tan o'm 
therefore 
_ wv +tane 
~ l—a'tane 


In like manner, if we wished to transfer the origin to a point on the 
y arc of reference, that arc being still retained, and the new system 
of coordinates being rectangular, we should have to use the for- 
mule, 

a’ sec 8 : y’ + tans 


— 


Fe a aes 9 Sea ee LN ge ? 
1 — y’ tan 6 1 — y’ tan 6 


(15) 


where 6 denotes the distance between the origins. 


§ 8.—A Curve on the Surface of the Sphere being represented 
by an Equation between spherical Coordinates, to determine the 
Equation of the great Circle touching it at a given Point 2’, y’. 

The equation of a great circle, passing through the points 2’, y’, 
and #’’, y’’, on the curve, is 


and if #”, y’ approach indefinitely near to 2’, y’, this equation be- 
comes 
ree dy’ ; (16) 
Gal da!” 
This is the equation of the tangent arc at the point 2’, y': we may 
put it into the following symmetrical form : 
ady! yda' 


ee ates 2 Tae ee Re a 17 
aldy! — y!da! 4 y'dal — a' dy! a7) 
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The formule (16) and (17) will evidently hold good whether 
the arcs of reference be rectangular or not. 


§ 9.—To determine the Equation of the normal Arc to a sphe- 
vical Curve at a given Point x’, y’. 

It appears from (12) that the equation of the arc passing through 
the point 2’, y’, and perpendicular to the arc whose equation is (17) 
will be 


(y— y') [dy +2" (a’dy’ — y'da')| + (@ — 2’) [da’ + y' (y'da’ — x'dy’)|=0 (18) 


This is the equation of the normal arc at the point 2’, y’. The co- 
ordinates in this last formula are supposed to be rectangular. 


§ 10.—The spherical evolute of a curve described on the surface 
of the sphere is the locus of the point in which two consecutive 
normal arcs to thecurve intersect. In finding the spherical evolute, 
we may follow a course exactly analogous to that by which we inves- 
tigate the evolutes of plane curves. We must take the equation 
of the normal arc (18) and differentiate it with respect to 2' and 


y': supposing # and y to be constant; the resulting equation may 
be written in the form 


(y— y') [ay! + 2! (a'd?y’ — y'd?x') + (a'dy' — y'da')dz'}} 
4 (@ — a’) [dat + y! (y'ada' — v'd’y') + (y'da' — 2'dy') dy']+(19) 
= da'? +. dy’ + (a'dy' — y'da')? j 


From this and the equation of the normal arc (18) we find 


IY = | 
[da’? 4- dy’? + (a’dy' —y'da')*] da’ + y' (y’da’ —a'dy’)] | | 
(da'd?y'—dy' da’) (1-pa*y’?) 4-(a'dy'—y' du’) (da'*--dy?--(a'dy'—y'da')*) (20) 
e— 2! 
[ da’? + dy’? (a’dy' —y'da'?] [ dy’ +a" (a’dy’ —y'dz')] 


| 


(dy'd*x'—da'd?y') Apa?-y?)-(y'da'—a' dy’) (da'?-dy--(a'dy'—y'da’)’) J 


By these last equations taken along with that of the given curve 
and its first and second differentials, we may eliminate a’, y', d2’, 
dy’, dx’, dy’; and the resulting equation between x and y will 
be the required equation of the spherical evolute. 


§ 11.—To determine the Circle of the Sphere which osculates a 
spherical Curve at a given Point x’, y’. 

The spherical coordinates of the centre of the osculating circle 
are evidently the # and y in formulee (20). To ascertain the mag- 
nitude of this circle we must have recourse to the formula (8), 
from which we find the tangent of the arc joining the points 2, y, 
and w’, 7/. In the formulze (20) let us put for shortness, 
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dx! 4. dy” + (w/dy’ —y/dz'y = a, 
dx'd?y’ — dy'd*x! = B, 
B(L + a? + y") + (a/dy’ —y/da') a=, 
then we shall find from them 


yaar ta) yt ade (eS eae eas = 
and 


yeh iat mo eects yey) 


Hence, 


c(1+422' + yy')=c—A(a'dy'—y'da')4+-B (1+ a? +y") (a? +y") 
—B(1L- a? + y'®)* 
Also, 
ce [ (aay + (yy) + (ay! —ye')'] = a (1 $e? + y’). 
Therefore, if y be the arc joining the points a, y, and 2’, y’, 
Ag 

BL pa? py) 

[de hdy* $ (aly —y day 

(1+ 2? + y')3 (da'd?y’ —dy'd*z') 

This remarkable formula, exactly analogous to that which expresses 
the radius of the circle osculating a given plane curve at the point 
z', y’, might be obtained from the equation of a circle of the sphere 
by the following method. It appears from formula (6) that the equa- 


tion of a circle of the sphere, whose spherical radius is y, and the 
coordinates of whose centre are 2”, y’’, is 


1 + va" + yy" 
Vi+a" $y") (+a $y) 
now this equation may be written in the form 


ax + by po=Vl+a'+y, (23) 


tans 


1 
| (29) 


cos y — 


where 
a? +. 6? 4+. c?—= sec *y, 


and in order that the circle, whose equation is (23) may osculate a 
given spherical curve at the point 2’, y’, we must be able to change 
« and y, into a’ and y', both in the equation (23) and in its first and 
second differentials. Thus, a, 0, c, are completely determined from 
the three equations 
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ax! + by’ +c VI + a + y?, 


/ / / / 
ada’ +. bdy! = et) tally 
V1 +a? + yf? 


adx! 4. bd*y! = 
(a/d2x! a y/ dy’) (1 ao? ob y”) de da? ail dy” + (a'dy! — y/dx’y 
Hence, using the abbreviations employed in the preceding investiga- 
tion, we obtain 


e 


ig (1 + a”? + y”) x! —ady’ 
gl ME ate 
gale B qd + al + ¥’) y+ Ada’ 
TON ACEO Ry oi 
oe BA eth) +A dy rude) 
a B(l a? + y")3 
and these three equations give us, since 


a’ +b + c?—] = tan*y, 


§ 12.—To find the differential of the Arc of a spherical Curve. 
The equation (7) may be put into the form 
any al fee A (y/—y’)? + (@ (yl! yy! a" — YP 
ag Iba) Cpe py) 
therefore, if we use ds to denote the differential of the arc of a sphe- 
rical curve, we shall have 


V dx” {72 Wi a hot \2 
Pe ee ae eke on ae (24) 
1+ ar + y” 
This expression enables us to present the equation (22), which gives 
the tangent of the radius of the osculating circle, in a new form, 


_ rh pergyyi 
tany = & da Py! — diya! (25) 


§ 13.—On the Use of polar Coordinates in spherical Geometry. 
In the analytic geometry of the plane, polar coordinates may 
sometimes be employed more advantageously than rectilinear ones : 
so, it is sometimes most convenient to express the position of a point 
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on the surface of the sphere by means of the vector arc sp drawn to 
it from a fixed point s, and the angle psx between this vector arc 
and a fixed are passing through s. 

The following formule, in which ¢ denotes the are sp, and w the 
angle psx, are those most commonly used in applications of the me- 
thod of spherical polar coordinates. 

A curve being represented by an equation between ¢ and w, it 
may be required to find the angle @ between the vector arc sp and 
an are of a great circle touching the curve at the point p. ‘This may 
be readily done. For, let a vector arc be drawn to another point q, 
on the curve infinitely near to P; and from Q let an are at be drawn 
perpendicular to sp: then 


QT 
tan QPL —s * 
PT 


But ultimately apr = 6, QT = sin g dw, and pT = de, hence we ob- 
tain the desired formule 


sine dw 
tan é= "i : (26) 
Since QP is ultimately the differential of the are ds, we find 
ds tv sin®g dw +- de’. (27) 
and 
bs d. 
sin § = “ oo (28) 


From (28) we obtain an expression for the arc p, drawn from s 
perpendicular to the tangent arc at P. 
» 
sin’g ds 


sin a ee (29) 
‘i 336 J sin’e de? be dg? 

Next, we may find the area of the elementary spherical triangle 

whose base is QP, the differential of the arc, and whose vertex is the 


pole s. The known formula 


tania tanid sinc 


tan 4 (area) = ————_—_—_____-—_—_ 
ACY 1 -- tania tant cosc’ 


which gives the area of a spherical triangle in terms of two sides and 
the included angle, becomes, when we substitute ¢ for a and 6, and 
dw for c, 


area == 2 sin? 1 ¢dw—= (1—cose) dw. (30) 


An elegant expression may be obtained for the radius of the oscu- 
lating circle in terms of g and p. Let c be the centre of this circle, 
let y be its radius, and let the arc sc be denoted by 0: then, using 
the notation already established, we shall have 
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cOS d= cos ¢ cosy + sing sin y sin 4, 
or, 
cos 0 = cose cosy + sing sin y, 


and this equation may be differentiated on the supposition that 3 and 
y remain constant. Thus we obtain 
ine d 
tan y = —6-$ (31) 
If we differentiate (29), considering w as the independent vari- 
able, we shall find cos pdp in terms of ¢ and #3; so that we arrive 
finally at the following equation which gives the tangent of the radius 
of the osculating circle in terms of ¢ and , 


1 — Cos pdp 


Lo  (sin’e da® + de*)3 
ae (sin’g cos ¢ dw® + 2 cose dg?—sin ede) da (32) 
§ 14.—Mode of passing from rectangular to polar spherical 
Coordinates. 
To effect this change we have only to put 


% = tang cosw, and y = tang sin w. (33) 


From these equations we may deduce the following formula which is 
often useful, 


__ ady — ydx 


dw oes ety” (34) 


§ 15.— Quadrature of a spherical Curve given by an Equation 
between rectangular spherical Coordinates. 

We may derive from (34) and (30) a formula for the quadrature 
of a spherical curve, which is given by an equation between rectan- 
cular spherical coordinates. 


area — a Tay ian oe (30) 

be ee ee) pe ey 
The portion of the sphere whose area is determined by this last for- 
mula is included by an arc of the curve and two arcs of great circles 
drawn to its extremities from the origin. But we may derive from 
(30) a formula for the quadrature of spherical curves more analagous 
to that which is ordinarily employed in the quadrature of plane 
curves. 

Let pm, p/m’, be two arcs drawn perpendicular to ox from two 
consecutive points on the curve. It is to be observed that the letters 
here employed refer to the construction indicated in §1, Then the 
area of the elementary spherical quadrilateral pMM/p’, which we shall 
consider as the differential of the area of the curve described by p, 
may be easily found. For, y being the pole of ox, since the area of 


ady — ydx N ady — ydu 
( 
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the elementary spherical triangle pyr’ is by (30) equal to 
(1—cos py) MM’ = (1—sin pm) MM’, 
it appears that the area of 


PMM/P/ = sin PM.MM’, 


Now 
sin PM = sing sin a — ———2— 9 
V1 + wv + y? 
and 
d. 
MM! — d (tan) —l!¢ — valet 
i oo ae 

therefore, 


lila uh Sah ht 
(42) Vip-e+py 


§ 15.—Lquation of a spherical Conic in rectangular Coordi- 
nates. 

Any equation of the second degree between the spherical coor- 
dinates w and y, represents a spherical conic.—(See § 1.) But in 
order to obtain the equation of a spherical conic in a simple form, 
we may take its principal diametral arcs for the arcs of reference. 
The equation of the conic referred to them will be 


area == ( 


(36) 


aty* + bx? — a*b*, (387) 


where a and 0 are the tangents of the distances of the origin from 
the points in which the curve meets the x and y arcs of reference. 

After what has been said in § I, it is scarcely necessary to give 
any detailed proof of this. For, if the conic and its diametral arcs 
be projected by means of radii of the sphere upon a plane touching 
the sphere at the centre of the conic, the projection of the curve 
will be an ellipse having for its semiaxes the lines a and 8, which are 
the projections of the principal semidiametral arcs of the spherical 
conic. Moreover, the equation of the spherical conic is identically 
the same as that of the ellipse referred to its principal axes. It will 
be convenient to denote the greatest and least semidiametral arcs, or 
as I shall henceforth call them, semidiameters of the conic by « and 
6, so that a= tana, b=tan g. We may define the foci of the 
conic as two points on the greatest diameter, whose distances from 
the centre, + y and — y, are determined by the equation 


COS & 


ae ; 38 
cos y oer (38) 
From this relation we find 
sinty a?—b® tan*y a? — b? sint2y _(a®—0*) (14+ 8") 
—— Ss ——, ——  ——, and - =... (39) 
sin®e a tanta a*(L + b?) sin?2¢ ae 


O 


aa ae 
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These three quantities 


siny tany sin Qy 


: gg ees ’ 
sing tana sin 2a 


as we shall see presently, will be found to appear in theorems and 
formule relating to spherical conics, in place of the excentricity 
which we meet in the theory of the plane conic sections. I shall de- 
note them respectively bye, «, and ¢’. 

If in the formule already given for the transformation of coordi- 
nates (14) we make « = 90°, they would become 


1 

t=— >) and y = — ay 

Substituting these values of # and y in (37), and removing the ac- 
cents from 2 and y’, we should obtain the equation 


aba — ay — Bb, 


which is that of a spherical conic; the y and & arcs of reference 
being the great circles respectively lying in the principal plane, and 
in the plane of the greatest section of the cone whose generatrices 
are the radii drawn to all the points of the conic. 

Transferring the origin from the centre to the vertex at the extre- 
mity of the greatest diameter, by putting — a for tan #, in formule 
(14), we should find for the equation of the conic 


mail arti a imag) 


1 pte 
¥ A ae 


(41) 
If a= 1, that is, if the greatest diameter of the curve be- 
comes a quadrant, the last equation loses the term involving 2*, and 


the curve becomes what Mr. Davies calls a spherical parabola. 
2 


2 
The quantity a appears to hold the same place in the theory 


of the spherical conics that it does in that of the plane conic sections. 
It may be called the principal parameter, and denoted by p. 

Transferring the origin from the centre to the focus, by putting 
+ y for « in formule (14) and afterwards removing the accents from 
x’ and y’, we should obtain the equation of a spherical conic in 
the following form, 


yt em(ipzdry. (42) 


Now, this equation represents, not only the spherical conic, but also 
the plane curve formed by the intersection of the tangent plane at 
the focus with the cone whose generatrices are the radii of the 
sphere drawn to all the points of the conic: and it is evident from 
the form of equation (42) that this plane curve will be a conic section 
having its focus at the point of contact, its semiparameter equal to p, 
and its excentricity equal to ¢’. 
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Making w = 0 in (42), we shall find that the tangent of the are, 
drawn from the focus to the curve, and perpendicular to the greatest 
diameter, is equal to half the principal parameter. 

Again, without resorting to the formula (22), we may show that 
the tangent of the radius of the small circle osculating the conic: 
at. the extremity of the greatest diameter, is half the principal para- 
meter. In order to prove this, 1 must premise the following propo- 
sition. a | 

If an are & be drawn from any point in the circumference of a 
small circle of the sphere, perpendicular to a fixed diametral are d of 


the circle, and dividing it into two segments s and s/, we should 
always have 


sin § sin s/ 
tan?k — ——____—_-;: 
cos*d d 
tan?k : : 
and the value of Sater when & and s’ are both = 0, is evidently 
2 st 
tan 4d. 

Hence, if the equation of a spherical curve be given in rectan- 
gular coordinates, the arcs of reference being the tangent and normal 
arcs at a point on the curve, we should obtain the tangent of the 
radius of the circle of the sphere which osculates the curve at the 


2 
origin by finding the value of om when # and y are each = 0. 


Applying this principle to the spherical conic, represented by the 
equation (41), we should find the tangent of the radius of the circle 


osculating the conic at the origin to be equal to half the principal 
parameter. 


§ 16.—Polar Equation of a spherical Conic. 
The polar equation of a spherical conic referred to its centre as 


pole may be obtained from (37) by the method stated in§ 14. We 
thus find it to be . 


tan ?6 
tan?e = -——____— 43 
an 1 =e cos®w ’ (2) 
which also gives 
; sin26 
a 44 
SF es De® costs CY 


It appears from (48) that the sum of the squares of the cotan- 
gents of two rectangular semidiameters is constant. 

Equation (44) shows that the orthographic projection of a sphe- 
rical conic, upon a plane touching the sphere at the centre of the 
conic will be an ellipse. 

Hence, if arcs pM, PN, be drawn from a point on a spherical 


conic perpendicular to its greatest and least diameters, we should 
have 
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sin2PN sin?PM 


aoe & 45 
Sin *c sin?6 ( ) 

It would not, however, be advantageous in general to take the 
sines of the arcs drawn from a point on the sphere perpendicular to 
two fixed rectangular arcs as the spherical coordinates of that point. 

Using these coordinates, and calling them x and y, we should 
find that the equation of a great circle was of the second degree, 
VIZ. ? 

x? 2XxY ig 


—— + ———- + —- => = 1 
sin *@ i tan @ tan 8 a sin?8 ; 
where « and @ denote the distances of the origin from the points in 
which the great circle meets the arcs of reference. 
The polar equation of a spherical conic referred to its focus as 


pole is found from (42) to be 


ee Par 
i tande COS @ Sa 
We infer from this, that if any arc be drawn through the focus of a 
spherical conic, meeting the curve in two points, the sum of the 
trigonometric cotangents of the arcs lying between the focus and 
these two points will be constant. 
It is easy to show that 


tan*6 cos 2y — cos 2x 
tane sin Qe ; 


Equation (46) may therefore be put into the following form, 


cos 2y — cos 2x 


tan eg = -—————_—_—___—__. 
€ — Sin 2a & sin 2y COS w 


(47) 
If we investigate by polar coordinates the locus of a point on the 
surface of a sphere the sines of whose distances from a fixed point on 


the sphere and a fixed are are always in the ratio of m to 1, we 
should find for the equation of the locus 


epee m sin d 48 
© — Tm cos cosa’ (26) 
where 0 is the distance of the fixed point from the fixed are. 
Comparing this equation with (46) we have 
msind—=1p, and mcosd = ¢’, 
so that 
m = +p? +2”, and tand= s, (49) 
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§ 17.— Equations of the cyclic Arcs of'a spherical Conic. 

A spherical conic being formed by the intersection of the sphere 
with a cone of the second degree, having its vertex at the centre of 
the sphere, the cyclic arcs of this conic are the great circles whose 
planes are parallel to two subcontrary circular sections of the cone. 
Consequently, if a plane be drawn touching the sphere at the pole of 
one of these great circles, it will intersect the cone in a circle. Now, 
the equation of that circle in the tangent plane is the same as that of 
the spherical conic, if the point of contact be made the origin of 
rectangular coordinates in both cases, Further, we may assume 
that the poles of the cyclic arcs are on the least diameter of the 
conic. The question of finding the cyclic arcs is, therefore, reduced 
to this,—to transfer the origin of rectangular spherical coordinates 
from the centre of the conic to a point in its least diameter, that 
diameter being retained as the y arc of reference, and the new coor- 
dinates being rectangular, so that in the transformed equation 2* and 
y* may have the same coefficient. In order to effect this we must 
use the formule (15) for the transformation of coordinates, putting 
) in them instead of 6, so as to avoid ambiguity, and then determine 
) by the condition that the coefficients of #* and y® may be equal. 
We thus obtain 


a? — §? 


tan*p = Papa) 


Hence, we find the equations of the cyclic arcs of a conic given by 
the equation | 
a® y? 4. 22 — a2 Bb, 
to be 5 
1 2 
V a? — 6 


Denoting by ? the angle between one of the cyclic arcs and the 
greatest diameter, we get from this, since @ + ~~) = 90°, 
sin 8 


tan “ 
cos 9 = Y, and sin @ = ——. 
tan a SIN ez 


(51) 


These equations show that if two spherical conics have the same 
cyclic arcs, the quantity «, in their polar equations (44) referred to 
the centre as pole, will be the same for both: consequently, the 
yatio of the sines of those semidiameters of two biconcyclic conics 
which make equal angles with the greatest diametral arc will be 
constant: and hence, if two biconcyclhe conics be projected orthogra- 
phically upon a plane touching the sphere at their common centre, 
the projections will be two similar, stmilarly placed, and concentric 


ellipses. 
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§ 18.—Equation of the great Circle touching « spherical Conic 
at a given Point x’, y’. | 

The equation of the spherical conic referred to its principal dia- 
meters being 


a? y*? 4..b* 2? = a? O°, 


we find from (16) the equation of the tangent are at the point 2’, y’, 
to be 


a? yy 4+ B22’ x a? be. (52) 


Hence, also, we may prove, in the same way as the similar result is 
arrived at in the theory of the plane conic sections, that if tangent 
arcs be drawn to a conic from a point without it, w’, y’, the equation 
of the arc joining the points of contact will be 


ayy +e’ «mab. (53) 

Since w and y may be interchanged with 2 and y’, without alter- 

ing the form of the equation (53), it must also represent the locus 

of the point of concourse of the two tangent arcs drawn to a conic at 

the-points: where any arc passing through a fixed point 2’, y’, meets 
the curve. 


The arc touching the conic at the point x’, y’, meets the prin- 
cipal diameters of the conic in points, the tangents of whose distances 


ae be 
from the centre are a and —: call these x and y, and we shall have, 
since @ y” + b? a”? — a? b, 
x? 6? 4. v2 a? = x’ yy’. 


This shows that the spherical conic, the tangents of whose prin- 


cipal semidiameters are x and Y, will pass through the point whose 
coordinates are a and 6. 


§ 19.—Conjugate Diameters of a spherical Conic. 

Conjugate diameters of a spherical conic are those each of which 
passes through the pole of the other with relation to the conic. The 
poles of both of them are evidently on the great circle whose pole is 
the centre of the conic. 

From what has been said in § 1, with reference to the meaning 
of the constants in the equation of an arc of a great circle, it appears 
that the diameter whose equation is 


ay ytb x «0, (54) 


is conjugate to the diameter drawn to the point 2’, y’, and whose 
equation is therefore, 


Ly —'y «— 0: 


for it meets the great circle whose pole is the centre of the conic in 
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the same point that the tangent are at the point 2’, y’/, meets that 
same circle. 
Any two conjugate diameters of a spherical conic will evidently 
make with the greatest diameter two angles the product of whose 
2 


tangents is constant and equal to — —. 
az 


The diameter conjugate to that which passes through the point 
x’, y’, on the conic, will meet the curve in two points whose coordi- 
nates 2’, y’’, are found from the equations (54) and (37) to be 


a b 
a 7 y’, and y= + — 2’. (55) 
a 


_ Let us denote the semidiameter drawn to the point x’, y’, by 7”, 
and the semiconjugate diameter by 7°”, then as tan%”/—= 4’? + y/”, 
we shall have - 
at y?? + b+ wl 


tin ?r? = 
ae be 


(56) 


The equation of the tangent arc at that extremity of the conju- 
gate diameter, for which the coordinates are 


al! = — = y andsay"! = = a is a y—y'« = ab. (57) 


It may be observed that since 
al + wll = a’, and y” 4+y” gsr b, 


the sum of the squares of the tangents of two conjugate semidia- 
meters of a spherical conic is constant. 4) 


_ § 20.—To determine the lengths of the Arcs drawn from the 
Centre or Focus perpendicular to Tangent Arc at the Point 2’, y’. 

Let a be the arc drawn from the centre, perpendicular to the 
tangent arc at the point 2’, y/: by the aid of formule (9) and (52), 
we find : . 


, a? be ] 
SrA a ea ; e Tata = 1 Fa i me 
a at al? 
ay 4 +(58) 
a? }? | 
ZA 
Vv at y? + bt x” J 


The last formula compared with (56) shows that tan7”’ tan A = 
ab; that is 
“In a spherical conic, the product of the trigonometric tangents of 
the perpendicular let fall from the centre of the conic on a tangent 
are, and of the semidiameter conjugate to that which passes through 
the point of contact, is constant. 
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Let 2 be the arc drawn from the focus, whose coordinate is 
+ tan y, (—as,) perpendicular to the tangent arc at the point 
x’, y’; and let // be the are drawn from the other focus, whose coor- 
dinate is — az, perpendicular to the same tangent arc. Then, from 
formule (9) and (52), we have 


oy pape 
sn? ee a Sceesdl Petes (59) 
Vv (at Oe at y? bt x!) (1+ a :) 
and ; 
2 ./ 
sin l’ = CR ie Peo kod Mea lah (60) 


Now, the quantity a‘ b+ + at y’ 4+ bt2/2 may be put into the form 
a b° (1 + 0°) (a? — & x”): consequently, 
aps ks b° 
sin 2 sin’ = . 
] +. a 
Therefore, in any spherical conic, the product of the sines of the 
arcs drawn from the two foci perpendicular to any tangent arc is 
constant. 


(61) 


§ 21.—A spherical Conic being represented by the Equation 
ay? +. bx? — a’ BD’, to express the Distances ¢', eo, of a Point 
x’, y', on the Curve from the two Foci. 

To accomplish this we have only to put = as and 0, in place of 
x” and y’’, in formula (8): we thus find 


jo 2 /2 c 
jan tp? 2 ee get Echt (62) 


(1 + asa’)? 


Now the quantity (@’—a:z)? + y” (1 + a) may be put into the 
form (a—«x’)?; we have, therefore, 


a—exr! 


tan e” — 1 aca! > (63) 
and in like manner 
_— at ea’ | 
tan a apy (64) 
From the form of these two last equations it is plain that 
e’ = w— (tan) —'ea”’, and e’” = a +. (tan) 1—¢a” ; 
hence 
e! + oe’ = Qa. (65) 


Therefore, the sum of the distances of any point on a spherical conic 
from the two foci is constant. 
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It is to be observed, that the tangent of the distance of any point 
x’, y’, ona spherical conic from either focus is a rational function 
of 2. 

Had we employed formula (7) instead of (8) we should have 
found the following values of sing’ and sing”, which we shall have 
occasion presently to refer to: 


a— ex’ 


VIfee) Cpe py) 


sin sot 


(66) 


etn ae ee ee (67) 
V+ ae) (lL 2? 4%) 


sin e//— 


Since 
sin / sin U/ 
sin 9! we ells 


if follows that the arcs drawn from the two foci to any point on the 
curve make equal angles with the tangent arc at that point. 

Let ¢ denote the angle between either of these vector arcs and 
the tangent arc ; then we shall have 


‘ sin Z sin U/ 
sin?4 = 


sin e” sin eff 


- Hence 


2 } ; 
a bt (1 + al? -- y”) ; (68) 
at b+ + a* Se + bt al 


sin? == 


§ 22.—Hquation of the normal Arc of a spherical Conc. 

We find from equations (12) and (53) that the equation of the 
arc passing through the point 2’, y’, and perpendicular to the arc 
which joins the points of contact of the two tangent arcs drawn to 
the conic from the point 2’, y’, is 


y—y' wee a’ (1 + 5°) a4 sin °ee (69) 


a—xl w/b (1 +. a?) 7 2’ sin’s 


If the point 2’, y’, be on the curve, this same equation becomes 
that of the normal arc at the point. 
By making y and & successively — 0 in (69), we find the coordi- 


nates 2” and y’, of the points in which the are represented by equa- 


tion (69) meets the greatest and least diameters to be 

AR ee eects f 70 

= a az (1 4+ b?) is ) 

But the are which joins the points of contact of the two tangent arcs 
P 
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drawn to the conic from the point 2’, y’, meets the greatest and 
least diameters in points whose coordinates wv, and y,, are given by 
the equations 

ae b? 


xv, =e i and Y 5 a 


comparing these values with those of 2” and y’’, given in (70), we 
have 


a? — 6 7 
fl gee Tae = itanty, 
71 
” LS pot 2 ie 
Y a) Sal ag es sin"y | 


These last equations show, that if two tangent ares be drawn from 
any point to aspherical conic, and another arc be drawn from the same 
point perpendicular to the are which joins the points of contact, these 
two arcs, which are at right angles to each other, will meet either 
of the principal diameters of the conic in two points, the product of 
the coordinates of which is constant. 

Hence, if two tangent ares be drawn to a spherical conic, and if 
the arc joining the points of contact touch a second spherical conic 
which has the same foci as the first, the arc joining the point of con- 
course of the tangents to the first conic with the point of contact on 
the second curve, will be a normal to the latter. 

As a particular case of the last theorem we may deduce the fol- 
lowing : 

Any arc passing through the focus of a spherical conic is perpen- 
dicular to the are joining that focus with the point of concourse of the 
tangent arcs drawn to the conic at the two points in which the arc 
passing through the focus meets the curve. 

It appears from (51), that equation (69) is the same for all sphe- 
rical conics which have the same cyclic arcs. Hence, if tangent arcs 
be drawn to one of two biconcyclic conics from a point on the other, 
the arc drawn from that point perpendicular to the are joining the 
points of contact on the first conic, will be a normal to the other 
curve, 

Equations (70) show that if any number of spherical conics, which 
have the same cyclic arcs, be cut by an arc perpendicular to either 
of the principal diameters common to all the curves, the normals at 
the points in which this are meets the several conics will all pass 
through the same point on that principal diameter. 

In order to find the length of the normal are », drawn from the 
point 2’, y’, to meet the greatest diameter we must put in (8) 
y’’ = 9, and #” = x’; (see 70): thus we obtain 


gl (1 fact 5 e)? + wa (1 + ¢4 wi?) 
ar ee (1 ae ? Tg? |) ? 


tan?y 
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to this expression we may give an elegant and symmetrical form ; for 
b b? 
2— 2 62 /2— 2 /2\ « 
I-¢=-—(l+a #), andy ==, (4 wi) 


the numerator in the value of tan*y may, therefore, be written thus, 


2 


b 
2 [x (1 — é*) (1 4- a e’) 4- (a a zi?) (1 ie Fe wv’), 
which is evidently equal to 


bz 
ss (a? Sage ad (1 +- ¢2 ees 


a 
Expunging the common factor 1 + ¢ wv”, and observing that 


at bt ay at yy! bt a”? — a2 el ce b) (a ag a), 
and 
Lat fy? = (1b) (1 $22"), (72) 
we obtain finally 
a* b+ + as y” + bt a 
ete ty 


In like manner we find the length of the normal are »’, drawn from 
the point 2’, y’, to meet the least diameter. 


tan’ = 


yore" at b8 + aty”? + bs ay? 
LAll & yacee BH (L + a? 4 y%) . (74) 


It is evident that 
tan y io b2 


tanya? 
From equations (68), (73), and (74) we have 
tan y siné = 4p, and tan» siné=a. 


Hence, since the angle between the normal and either of the 
focal yector arcs drawn to the point 2’, y’, is the complement of @, 
we derive the following theorem. 

From the points where the normal to a spherical conic meets its 
greatest and least diameters, if arcs be drawn perpendicular to either 
of the focal vector arcs passing through the point on the curve at 
which the normal is drawn, these ares will cut off constant portions 
from the vector arc. 
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Comparing equations (66) and (67) with (73) and (74) we find 
tan y tan »’ = sing sin ¢’ (1 + a’). (75) 


Let us denote by @ the angle between the normal and the are 
drawn from the centre to the point x’, y’, then we shall have 


sin A= sin 7’ cos Z, and sina tan y= 6? cos 7”; 


therefore, 
tan y tan 7’ cos = 6°. (76) 


Consequently, if we denote by the portion cut off from the normal 
by a perpendicular let fall upon it from the centre, we obtain 


tany tan: = 0", (77) 


§ 23.—Equations of the director Arcs of a spherical Conic. 

The director are of a spherical conic is the locus of the point of 
concourse of the two tangent arcs drawn to the conic at the points 
where any arc passing through the focus meets the curve. 

The equations of the director arcs corresponding to the two foci 
are found from (53) to be 


2 amar (78) 


In formula (9), let us make 
6 Ojiand eco = sls 
a 
and it will give for the value of the sine of the perpendicular » let 
fall from the point 2’, y’, on the director arc 


sine ene 7 eee (79) 


Comparing this equation with (66) and (67), we see that the sines of 
the distances of any point on the conic from a focus and the corres- 
ponding director arc are to each other in a constant ratio. If m be 
the exponent of this ratio, 


ae - e 
ye 
Le ar Tg (80) 


§ 24.—Hauation of the spherical Conic supplementary to the one 
represented by the Hquation 


ay + bx =a’ dD. 


The spherical curve supplementary to a given one is the locus of 
the poles of all the great circles which touch the given curve. 


/ } i 
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The equation of the tangent arc at the point 2’, y’, to the conic 
represented by the equation a? y® +. b° 2 = a’ b?, has been shown 


to be 
ay! y + a! 2 at b*. 


The coordinates of the pole of this circle 2” and y’’, are by (2) 


a! y’ 
oll Same ae ee se 
wl = — ~, andy! — a (81) 


Hence, putting the values of 2’ and y’ found from these last equa- 
tions in a y” + 0° 2” = a’ 6, and removing the accents from 
x’ and y’’, as no longer necessary, we find the equation of the pro- 
posed locus to be 


ky +aal; (82) 


as the equation of the given conic may be written in the form 


ei ar Ps 


it is plainly supplementary to the conic represented by the equa- 
tion (82). 

Since a > 6, the foci of the supplementary conic are on the 
least diameter of the given one. Let us denote the greatest and 
least semidiameters of the supplementary conic by @’ and @’, and 
the distance between its foci by 2y’; then we shall plainly have 


a’ +- B= a+ p/ — INK, 
so that 


= sin 9. 


cos’ sinew 


Therefore, the foc: of the supplementary conic are the poles of the 
cyclic arcs of the given conic: and, since the curves are mutually 
supplementary, the foci of the given conic are the poles of the 


cyclic arcs of the supplementary one. 

But we may prove the existence of a more general relation be- 
tween the two curves in the following manner : 

The equation of the locus of the point of concourse of tangents 
drawn to the given conic at the points in which any arc passing 
through the point 2’, y’, meets the curve, being 


| eyytPaeeral’; 
the coordinates of the pole of this great circle are 


/ 
Y 

= and — <—. 

a?’ be? 


» av 
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Again, the equation of the locus of the point of concourse of 
tangents drawn to the supplementary conic at the points in which 
any are passing through the point whose coordinates are 


a! y’ 
Par os an be? 
meets the curve, will be 
“ety ym—l; 


and the coordinates of the pole of this great circle are x’ and y’. 

Thus, we have proved that to a point and its polar arc, with 
relation to a given spherical conic, correspond an arc and its pole 
with relation to the supplementary conic. It appears from this 
that to a focus and its director are in a given conic, correspond a 
cyclic arc in the supplementary conic, and its pole with relation to 
that curve. 

The two supplementary conics being thus connected, we are 
able, when a theorem has been proved with relation to points and 
arcs belonging to a spherical conic, to deduce from it at once 
another theorem relating to the corresponding ares and points be- 
longing to the supplementary conic. 


§ 25.—Evolute and osculating Circle of a spherical Conic. 
By differentiating the equation (37) twice we should find 
b? da’ 


yl da! — x! dy! = y 


4 f4 4 a,/2 4 a /2 
dat dy? 4! (dicey ee 


du! +. y! (y/da’ — a'dy’) = (1 + B*) dx’. 


be x’ 
dy!’ +- a! (x'dy! — y/dx’/) = — yl (1 + a?) dx’. 
: b+ dx’ 
dy! d? a’ — dx! d?y’!= wy (84) 


Making these substitutions in formule (20), and observing that 


a‘ bt + a y” + bt #2 — a? b2 ( +. b°) (a® se EY al), 
and 


(erty )=U1+b) 0 + ee"). 
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We obtain finally the coordinates of the centre of the osculating 
circle 


az eae A be—a 


= sag W=F a" 


So that the equation of the evolute will be 


e\F  (y\F 

(G) + (f) =) 

a? — b2 Bb — a? 
SI as SLO 


Substituting from (83) and (84) in formula (22), we get for the 
semidiameter of the osculating circle 


where 


eke stg ls b+ + eS ats + bt x!)3 ___ tan’y 


tan y as bt (1 + 2? - ar 1. y!)5 ame p ss 


§ 26.— Rectification and Quadrature of a spherical Come. 
The formula already given (24) for the differential of the arc 


of a spherical curve becomes, when we put in their values (83) and 
(72) for 


dal? +. dy’ + (x'dy! ad y/dx')?, 
and 
Ss ks te are 
bdx Vv a — ¢°* 2” 
afl +R(14ea%)y 
Let us make 2 = a sing, then, by the equation of the conic 


(37), y=} cos 9; and the differential may be brought into the fol- 
lowing form 


je 1 vores Gres ay do 
avi pe ll+ essing VIPs 


as 


The arc is, therefore, represented by means of two elliptic integrals 
of the first and third orders, having « for their common modulus ; 
the parameter of the latter being a? «. 

To find the area of the conic we may employ the formula (36). 
In it let us make 


x—acosé, and y—6 sin 6, 


ot mare ae 
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